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1. Introduction 

The phenomenon of Mirror Symmetry, in its "classical" version, was first observed for Calabi-Yau manifolds, 
and mathematicians were introduced to it through a series of remarkable papers |2(JI 1131 1551 14(JI [T31 I3U[itt^i| . Some 
very strong conjectures have been made about its topological interpretation - e.g. the Strominger-Yau-Zaslow 
conjecture. In a different direction, the framework of mirror symmetry was extended by Batyrev, Givental, 
Hori, Vafa, etc. to the case of Fano manifolds. 

In this paper, we approach mirror symmetry for Fano manifolds from the point of view suggested by the 
work of Kontsevich and his remarkable Homological Mirror Symmetry (HMS) conjecture 27 . We extend the 
previous investigations in the following two directions: 

• Building on recent works by Seidel Hori and Vafa (see also an earlier paper by Witten |41p. 
we prove HMS for some Fano manifolds, namely weighted projective lines and planes, and Hirzebruch 
surfaces. This extends, at a greater level of generality, a result of Seidel concerning the case of the 
usual CP^ 

• We obtain the first explicit description of the extension of HMS to noncommutative deformations of 
Fano algebraic varieties. 

In the long run, the goal is to explore in greater depth the fascinating ties brought forth by HMS between com- 
plex algebraic geometry and symplectic geometry, hoping that the currently more developed algebro-geometric 
methods will open a fine opportunity for obtaining new interesting results in symplectic geometry. We first 
describe the results of this paper in some more detail. 

Most of the classical works on string theory deal with the case of = 2 superconformal sigma models 
with a Calabi-Yau target space. In this situation the corresponding field theory has two topologically twisted 
versions, the A- and B-models, with D-branes of types A and B respectively. Mirror symmetry interchanges 
these two classes of D-branes. In mathematical terms, the category of B-branes on a Calabi-Yau manifold X is 
the derived category of coherent sheaves on X, D''(coh(X)). The so-called (derived) Fukaya category DT{Y) 
has been proposed as a candidate for the category of A-branes on a Calabi-Yau manifold Y\ in short this is a 
category whose objects are Lagrangian submanifolds equipped with fiat vector bundles. The HMS Conjecture 
claims that if two Calabi Yau manifolds X and Y are mirrors to each other then D''(coh(Ar)) is equivalent to 
DT{Y). 

Physicists also consider more general N = 2 supersymmetric field theories and the corresponding D-branes; 
among these, two families of theories are of particular interest to us: on one hand, sigma models with a Fano 
variety as target space, and on the other hand, N = 2 Landau- Ginzburg models. Mirror symmetry puts the 
former in correspondence with a certain subclass of the latter. In particular, B-branes on a Fano variety are 
described by the derived category of coherent sheaves, and under mirror symmetry they correspond to the A- 
branes of a mirror Landau- Ginzburg model. These A-branes are described by a suitable analogue of the Fukaya 
category, namely the derived category of Lagrangian vanishing cycles. 

In order to demonstrate this feature of mirror symmetry, we use a procedure introduced by Batyrev [5], 
Givental |18| , Hori and Vafa (23| , which we will call the toric mirror ansatz. Starting from a complete intersection 
y in a toric variety, this procedure yields a description of an affine subset of its mirror Landau-Ginzburg model 
(to obtain a full description of the mirror it is usually necessary to consider a partial (fiberwise) compactification) 
- an open symplectic manifold {X,lu) and a symplectic fibration W : X ^ C (see e.g. \2A\). 

Following ideas of Kontsevich ^9 and Hori-Iqbal-Vafa [22|, Seidel rigorously defined (in the case of non- 
degenerate critical points) a derived category of Lagrangian vanishing cycles Z3(Lagvc(VF)) [12, whose objects 
represent A-branes on W : X ^ C 
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In the case of Fano manifolds the statement of the HMS conjecture is the foUowing: 

Conjecture 1.1. The category of A-branes -D(Lagvc(W^)) is equivalent to the derived category of coherent 
sheaves (B-hranes) on Y. 

We wiU prove this conjecture for various examples. 

There is also a parallel statement of HMS relating the derived category of B-branes on W : X ^ C, whose 
definition was suggested by Kontsevich and carried out algebraically in , and the derived Fukaya category of 
Y. Since very little is known about these Fukaya categories, we will not discuss the details of this statement in 
the present paper. Our hope in this direction is that algebro-geometric methods will allow us to look at Fukaya 
categories from a different perspective. 

The case we will be mainly concerned with in this paper is that of the weighted projective plane CP^(a, b, c) 
(where a,b,c are three mutually prime positive integers). Its mirror is the affine hypersurface X = {x'^y^z'^ = 
1} C (C*)^, equipped with an exact symplectic form cu and the superpotential W = x + y + z. Our main theorem 
is: 

Theorem 1.2. HMS holds for CP^(a, 6, c) and its noncommutative deformations. 

Namely, we show that the derived category of coherent sheaves (B-branes) on the weighted projective plane 
CP^(a, b, c) is equivalent to the derived category of vanishing cycles (A-branes) on the affine hypersurface X C 
(C*)'^. Moreover, we also show that this mirror correspondence between derived categories can be extended to 
toric noncommutative deformations of CP^(a, b, c) where B-branes are concerned, and their mirror counterparts, 
non-exact deformations of the symplectic structure of X where A-branes are concerned. 

Observe that weighted projective planes are rigid in terms of commutative deformations, but have a one- 
dimesional moduli space of toric noncommutative deformations (CP^ also has some other noncommutative 
deformations, see §6.2). We expect a similar phenomenon to hold in many cases where the toric mirror ansatz 
applies. An interesting question will be to extend this correspondence to the case of general noncommutative 
toric vareties. 

We will also consider some other examples besides weighted projective planes, in order to demonstrate the 
ubiquity of HMS: 

• as a warm-up example, we give a proof of HMS for weighted projective lines (a result also announced 
by D. van Straten in |23). 

• we also discuss HMS for Hirzebruch surfaces F„. For n > 3, the canonical class is no longer negative (F„ 
is not Fano), and HMS does not hold directly, because some modifications of the toric mirror ansatz are 
needed, as already noticed in [22. The direct application of the ansatz produces a Landau-Ginzburg 
model whose derived category of vanishing cycles is identical to that on the mirror of the weighted 
projective plane CP^(1, l,n). In order to make the HMS conjecture work we need to restrict ourselves 
to an open subset in the target space X of this Landau-Ginzburg model. 

• we will also outline an idea of the proof of HMS (missing only some Floer-theoretic arguments about 
certain moduli spaces of pseudo-holomorphic discs) for some higher-dimensional Fano manifolds, e.g. 
CP^ 

A word of warning is in order here. We do not describe completely and do not make use of the full potential 
of the toric mirror ansatz in this paper. Indeed we do not compactify and desingularize the open manifold X. 
Compactification and desingularization procedures will be addressed in full detail in future papers |2l dealing 
with the cases of more general Fano manifolds and manifolds of general type, where these extra steps are needed 
in order to exhibit the whole category of D-branes of the Landau-Ginzburg model. In this paper we work with 
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specific examples for wliicli compactification and desingularization are not needed (conjecturally this is the case 
for all toric varieties). However there are two principles which are readily apparent from these specific examples: 

• noncommutative deformations of Fano manifolds are related to variations of the cohomology class of 
the symplectic form on the mirror Landau- Ginzburg models; 

• even in the toric case, a fiberwise compactification of the Landau- Ginzburg model is required in order 
to obtain general noncommutative deformations. The noncompact case then arises as a limit where the 
symplectic form on the compactified fiber acquires poles along the compactification divisor. 

Moreover there are two features of HMS for toric varieties, which become apparent in this paper and which 
we would like to emphasize: 

• it is important to think of singular toric varieties as smooth quotient stacks. As a consequence of the 
work of Cox |14| this characterization is possible in many cases; 

• as suggested by our specific examples, we would like to conjecture that the derived category of coherent 
sheaves over a smooth toric quotient stack is always generated by an exceptional collection of line 
bundles. 

The paper is organized as follows. In Chapter 2 we give a detailed description of derived categories of coherent 
sheaves over weighted projective spaces and some of their noncommutative deformations. After recalling the 
definition of the weighted projective space P(a) as a quotient stack, we describe the category of coherent sheaves 
over P(a) and its noncommutative deformations Pg (a) , and describe explicitly generating exceptional collections 
for D^(coh(Pe(a))) (Theorem EIEl and Corollary E2ZI)- This is a novel result, and we believe that it suggests 
a procedure that applies to many other examples of noncommutative toric varieties. We also discuss derived 
categories of coherent sheaves over Hirzebruch surfaces. 

In Chapter 3 we introduce the category of Lagrangian vanishing cycles associated to a Lefschetz fibration, 
and outline the main steps involved in its determination; to illustrate the definitions, we treat the case of the 
mirror of a weighted projective line. After this warm-up, in Chapter 4 we turn to our main examples, namely 
the Landau- Ginzburg models mirror to weighted projective planes and their non-exact symplectic deformations. 
More precisely we start by studying the vanishing cycles and their intersection properties, which allows us to 
determine all the morphisms in Lagvc fLemma l4.3|) . Next we study moduli spaces of pseudo-holomorphic discs 
in the fiber in order to determine Floer products (Lemmas I4.4H4.5|) ; this gives formulas for compositions of 
morphisms and higher products in Lagvc (the latter turn out to be identically zero). Finally, after a discussion 
of Maslov index and grading, we establish an explicit correspondence between deformation parameters on both 
sides (noncommutative deformation of the weighted projective plane, and complexified Kahler class on the 
mirror) and complete the proof of Theorem 1 1.21 

Chapter 5 deals with the case of mirrors to Hirzebruch surfaces, showing how their categories of Lagrangian 
vanishing cycles relate to those of mirrors to weighted projective planes CP^(n, 1, 1). In particular we prove 
HMS for F„ when n e {0, 1,2}, and show how for n > 3 a certain degenerate limit of the Landau-Ginzburg 
model singles out a full subcategory of Lagvc whose derived category is equivalent to that of coherent sheaves 
on the Hirzebruch surface. 

Finally, in Chapter 6 we make various observations and concluding remarks, related to the following directions 
for future research: 

• HMS for Del Pezzo surfaces, and for higher-dimensional weighted projective spaces (cf. Uti.ll for a 
discussion of the case of CP'^); 

• HMS for general (non toric) noncommutative deformations (cf. H6.2l for a discussion of the case of CP^); 
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• the "other side" of HMS - relating derived Fukaya categories to derived categories of B-branes on the 
mirror Landau- Ginzburg model. 
Another topic that will be investigated in a forthcoming paper ^ is HMS for products: our considerations 
for Fo = CP^ X CP^ suggest a certain product formula on both sides of HMS - if we consider two manifolds 
Yi, I2 with mirror Landau-Ginzburg models {Xi,Wi) and {X2,W2), then the mirror of Yi x Y2 is simply 
{Xi X X2, Wi + W2), and we have the following general conjecture: 

Conjecture 1.3. Z3(Lagvc(Wi + W2)) is equivalent to the product r'(Lagvc(W^i) (g) Lagvc(W2)). 

More precisely, the vanishing cycles of Wi + W2 are in one-to-one correspondence with pairs of vanishing 
cycles of Wi and W2 , and it can be checked (cf. tl6.3|l that 

HomLagvo(M/i+M/2)((^l'^2), {Bi, B2)) ~ HomLagvc(VVi) (^1' ^l) HomLag,^(H/^) (A2, ^2). 

The conjecture asserts that Floer products behave in the expected manner with respect to these isomorphisms. 

Acknov^rledgements: We are thankful to P. Seidel for many helpful discussions and explanations concerning 
categories of Lagrangian vanishing cycles, and to A. Kapustin for explaining some features of HMS for Hirze- 
bruch surfaces and pointing out some references. We have also benefitted from discussions with A. Bondal, 
F. Bogomolov, S. Donaldson, M. Douglas, V. Golyshev, M. Gromov, K. Hori, M. Kontsevich, Yu. Manin, T. 
Pantev, Y. Soibelman, C. Vafa, E. Witten. 

Finally, we are grateful to IPAM (especially to M. Green and H.D. Cao) for the wonderful working conditions 
during the IPAM program "Symplectic Geometry and Physics" , where a big part of this work was done. 

DA was partially supported by NSF grant DMS-0244844. LK was partially supported by NSF grant DMS- 
9878353 and NSA grant H98230-04-1-0038. DO was partially supported by the Russian Foundation for Basic 
Research (grant No. 02-01-00468), Russian Presidential grant for young scientists No. MD-2731. 2004.1, CRDF 
Award No. RM1-2405-MO-02, and the Russian Science Support Foundation. 

2. Weighted projective spaces 

2.1. Weighted projective spaces as stacks. We start by reviewing definitions from the theory of weighted 
projective spaces. 

Let k be a base field. Let ao, . . . , a„ be positive integers. Define the graded algebra S = S{ao, ■ ■ ■ , a„) to be 
the polynomial algebra k[a;o, . . . , x„] graded by degXi = ai. Classically the projective variety Proj S is called 
the weighted projective space with weights ag, . . . , a„ and is denoted by P(ao, . • . , an). Consider the action 
of the algebraic group G,„ = k* on the afSne space A"+^ given in some affine coordinates xq, . . . ,Xn by the 
formula 

(2.1) X{xo,...,Xn) = (A"°a;o,...,A'^"x„). 

In geometric terms, the weighted projective space P(ao, . . . ,a„) is the quotient variety (A"+^\0)/G„j under 
the induced action of the group G^. 

The variety P(ao,...,a„) is a rational n-dimensional projective variety, singular in general, whose affine 
pieces Xi are isomorphic to A" /Za^. For example, the variety P(l, 1, n) is the projective cone over a twisted 
rational curve of degree n in P". 

Denote by a the vector (ap, . . . , a„) and write P(a) instead P(ao, . . . , a„) for brevity. 

There is also another way to define the quotient of the action above: in the category of stacks. The quotient 
stack 

[(A"+i\0)/G™] 
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will be denoted by P(a) and will also be called the weighted projective space. The stack P(a) is smooth, and 
from many points of view it is a more natural object than P(a). 

We now review the notion of stack as needed to understand our main example - weighted projective spaces. 
A detailed treatment of algebraic stacks can be found in [221 and ^Jj . 

There are two ways of thinking about an algebraic stack: 

a) as a category X, with additional properties; 

b) from an atlas R ^ U, with R and U schemes, R determining an equivalence relation on U. 

From the categorical point of view a stack is a category X fibered in groupoids p : X Sch over the category 
Sch of k-schemes, satisfying two descent (sheafy) properties in etale topology. An algebraic stack has to satisfy 
some additional representability conditions. For the precise definition see |29l I17| . 

Any scheme X e Sch defines a category Sch /X: its objects are pairs {S,4>) with {S X} a map in Sch, 
and a morphism from {S, (f)) to (T, ip) is a morphism f : T ^ S such that (f>f = ip. The category Sch /X comes 
with a natural functor to Sch. Thus, any scheme is an algebraic stack. 

Another example, the most important one for us, comes from an action of an algebraic group G on a scheme X. 
The quotient stack [X/G] is defined to be the category whose objects are those G-torsors (principal homogeneous 
right G-schemes) Q S which are locally trivial in the etale topology, together with a G-equivariant map from 
g to X. 

In order to work with coherent sheaves on a stack it is convenient to use an atlas for the stack. We describe 
very briefly groupoid presentations (or atlases) of algebraic stacks. A pair of schemes R and U with morphisms 
s, i, e, m, J, satisfying certain group-like properties, is called a groupoid in Sch or an algebraic groupoid. For any 
scheme S the morphisms s,t : R ^ U ("source" and "target") determine two maps from the set Hom(5', R) to 
the set Hom(S', U). A quick way to state all relations between s, t, e, m, i is to say that the induced morphisms 
make the "objects" Hom(S', U) and "morphisms" Hom(S', R) into a category in which all arrows are invertible. 
We will denote an algebraic groupoid by i? ^ [/, omitting the notations for e,m, and i. 

Any scheme X determines a groupoid X ^ X, whose morphisms are identity maps. The main example for 
us is the transformation groupoid associated to an algebraic group action X x G X , which provides an atlas 
for the quotient stack [X/G] . The transformation groupoid X x G ^ X is defined by 

s{x,g)=x, t{x,g)=x-g, m{{x, g), {x ■ g, h)) = {x, g ■ h), e{x) = (x^cg), i{x, g) = {x ■ g, g~^). 

If i? =^ J7 is an atlas for a stack X, giving a coherent sheaf on X is equivalent to giving a coherent sheaf on 

U, together with an isomorphism s*T ^ t*T on R satisfying a cocycle condition on RtXgR- In particular, for a 

u 

quotient stack [X/G] the category of coherent sheaves is equivalent to the category of G-equivariant sheaves on 
X due to effective descent for strictly flat morphisms of algebraic stacks (see, e.g., [33], Thm. 13.5.5). Applying 
this fact to weighted projective spaces, we obtain that 

(2.2) coh(P(a)) = coh^'"(A"+i\0), 

where coh^'" (A"+^\0) is the category of G„i-equivariant coherent sheaves on (A"+^\0) with respect to the 
action given by rule H2.1|l . 

2.2. Coherent sheaves on weighted projective spaces. Let A = Q Ai he a flnitely generated graded 

i>0 

algebra. Denote by mod(A) the category of flnitely generated right A-modules and by gr{A) the category of 
finitely generated graded right A-modules in which morphisms are the homomorphisms of degree zero. Both 
are abelian categories. 

Denote by tors(A) the full subcategory of gi'{A) which consists of those graded A-modules which have finite 
dimension over k. 
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Definition 2.1. Define the category qgr^A) to be the quotient category gr(A)/ tors(^). The objects of qgr{ A) 
are the objects of the category gr(^) (we denote by M the object in qgr(A) which corresponds to a module M). 
The morphisms in qgr(yl) are defined to be 

Homqgr(M, N) = limHomg,.(M', N), 

M' 

where M' runs over all submodules of M such that M/M' is finite dimensional over k. 

The category qgr(A) is an abelian category and there is a shift functor on it: for a given graded module 
M = Mi the shifted module M{p) is defined by M{p)i = Mp+i, and the induced shift functor on the quotient 

category qgr(A) sends M to M(p) = Af(p). 

Similarly, we can consider the category Gr(A) of all graded right ^-modules. It contains the subcategory 
Tors(^) of torsion modules. Recall that a module M is called torsion if for any element x € M one has a;^>s = 
for some s, where A>s — ® Ai. We denote by QGr(^) the quotient category Gr(A)/ Tors(A). It is clear that the 

■i>s 

intersection of the categories qgr(yl) and Tors(A) in the category QGr(A) coincides with tors(A). In particular, 
the category QGr(A) contains qgr(^) as a full subcategory. Sometimes it is convenient to work with QGr(y4) 
instead of qgr{A). 

In the case when the algebra A = @ Ai \s a, commutative graded algebra generated over k by its first 

component (which is assumed to be finite dimensional) J. -P. Serre fST] proved that the category of coherent 
sheaves coh{X) on the projective variety X = Proj A is equivalent to the category qgr(A). Such an equivalence 
also holds for the category of quasicoherent sheaves on X and the category QGr(^) = Gr(^)/ Tors(A). 

This theorem can be extended to general finitely generated commutative algebras if we work at the level of 
quotient stacks. 

oo 

Let S — ® S'p be a commutative graded k-algebra which is connected, i.e. 5*0 = k. The grading on S induces 

p=0 

an action of the group G„i on the affine scheme Spec S. Let be the closed point of Spec S that corresponds 
to the ideal S+ = 5'>i C S. This point is invariant under the action. 

Definition 2.2. Denote by Proj the quotient stack [(Spec 5'\0)/Gm] . 

There is a natural map Proj S — > Proj 5, which is an isomorphism when the algebra S is generated by its 
first component 5*1. 

Proposition 2.3. Let S = ® Si be a graded finitely generated algebra. Then the category of (quasi) coherent 

i>0 

sheaves on the quotient stack Proj (S) is equivalent to the quotient category qgr(S') (resp. QGr(S')). 

Proof. Let be the closed point on the affine scheme Spec S which corresponds to the maximal ideal S+ C S. 
Denote by U the scheme (Spec S\Q). We know that the category of (quasi) coherent sheaves on the stack Proj S 
is equivalent to the category of G„j-equivariant (quasi)coherent sheaves on U. The category of (quasi)coherent 
sheaves on U is equivalent to the quotient of the category of (quasi) coherent sheaves on Specs' by the sub- 
category of (quasi)coherent sheaves with support on 0. This is also true for the categories of Gm-equivariant 
sheaves. But the category of (quasi)coherent Gm-equivariant sheaves on Spec S is just the category gr(iS') (resp. 
Gr(S')) of graded modules over S, and the subcategory of (quasi) coherent sheaves with support on coincides 
with the subcategory tors(S') (resp. Tors(S')). Thus, we obtain that coh(Proj S') is equivalent to the quotient 
category qgr(5) = gr(S')/ tors(S') (and Qcoh(Proj S) is equivalent to QGr(5) = Gr(S')/ Tors(5)). □ 

Corollary 2.4. The category of (quasi) coherent sheaves on the weighted projective space P(a) is equivalent to 
the category qgr(5(ao, . . . , a„)) {resp. QGr(S'(ao, . . . , a„))). 
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We conclude this section by giving the definition of noncommutative weighted projective spaces and the 
categories of coherent sheaves on them. Consider a matrix 6 — {Oij) of dimension (n + 1) x (n + 1) with entries 
9ij G k* for all The set of all such matrices will be denoted by M{n + 1, k*). Consider the graded algebra 
Sg — Se{aQ, . . . , a„) generated by elements a;^, i = 0, . . . , n of degree and with relations 

for all i and j. This algebra is a noncommutative deformation of the algebra S{ao, . . . ,a„). It can be easily 
checked that the algebra Sg depends only on the matrix O'^'^, with entries 

(2.3) 0t^' := e,j0-^^ for aU 0<i,j <n. 

Thus, if (6*')''" = 0""' for two matrices 9' and 9, then Sg, ^ Sg. 

As before, denote by qgr(S'0) the quotient category gr(S'6/)/ tors(S'6/), where gT{Sg) is the category of finitely 
generated graded right Sg-modules and tors(A) is the full subcategory of gr{Sg) consisting of graded modules 
of finite dimension over k. 

Corollary 12.41 suggests that the category qgr(5'e) can be considered as the category of coherent sheaves on a 
noncommutative weighted projective space. We will denote this space by ¥g{a) and will write coh(Pe) instead 
qgr(S'6i). Similarly, the category of quasi-coherent sheaves Qcoh(Pe) is defined as the quotient QGr{Se) = 

GriSg)/T0Ts{Sg). 

2.3. Cohomological properties of coherent sheaves on P6i(a). In this section we discuss properties of 
categories of coherent sheaves on the noncommutative weighted projective spaces Pg{aL). Note that the usual 
commutative weighted projective space is a particular case of the noncommutative one, when 9 is the matrix 
with all entries equal to 1. 

All algebras Sg{ao, . . . ,a„) are noetherian. This follows from the fact that they are Ore extensions of com- 
mutative polynomial algebras (see for example For the same reason the algebras Sg{ao, . . . ,a„) have 
finite right (and left) global dimension, which is equal to (n + 1) (see p. 273). Recall that the global 
dimension of a ring A is the minimal number d (if it exists) such that for any two modules M and N we have 
ExtJ*"\M,iV) = 0. 

The notion of a regular algebra was introduced in ^] . As we will see below, regular algebras have many good 
properties. More details can be found in 

Definition 2.5. A graded algebra A is called regular of dimension d if it satisfies the following conditions: 

(1) A has global dimension d, 

(2) A has polynomial growth, i.e. dim^p < cp^ for some c, (5 G M, 

(3) A is Gorenstein, meaning that Ext^(k, A) = if i ^ d, and Ext^(k, A) — k(Z) 
for some I. The number I is called the Gorenstein parameter. 

Here Ext^ stands for the Ext functor in the category of right modules mod{A). 
Proposition 2.6. The algebra 6*0(00, a„) is a noetherian regular algebra of global dimension n + 1. The 

n 

Gorenstein parameter I of this algebra is equal to the sum ^ a^. 

Proof. Property (1) holds, as for all Ore extensions of commutative polynomial algebras. Property (2) holds 
because our algebras have the same growth as ordinary polynomial algebras. Property (3) follows from the 
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following Koszul resolution of the right module kg^ 

n n — 1 

(2.4) 0^5e(-E«')-^ Sei-T.^'O^--- 

i=0 io<---<in-l j=0 

n 

■ ■ • — > ^ Se{-aig - fli J — > ^ Se{-ai) ^ Se ^ ks^ 0, 

'io<H '=0 

and the fact that the transposed complex is a resolution of the left module Sgk, shifted to the degree Z = ^ a^. 
The explicit formula for the differentials in the complex H2.4|l will be given later (see (|2.8(l ^. □ 

Denote by 0{i) the object Sg{i) in the category coh(P0) = qgr(S'0). Consider the sequence {0(i)}igz- It can 
be checked that the following properties hold true: 

(a) For any coherent sheaf J-" there are integers fci , . . . , /c^ and an epimorphism 

i=l 

(b) For every epimorphism T ~* Q the induced map Hom(C'(— n), JF) Hom(C'(— n), t/) is surjective for 
n > 0. 

A sequence which satisfies such conditions will be called ample. It is proved in (3| that the sequence \0(i)] 
is ample in qgr(A) for any graded right noetherian k-algebra A if it satisfies the extra condition: 

(Xi ) : dimk Ext (k, M) < oo 

for any finitely generated graded ^-module M. 

This condition can be verified for all noetherian regular algebras (see j3|, Theorem 8.1). In particular, the 
sequence {C'(z)}iez in the category coh(Pe) is ample. 

For any sheaf J-' £ qgr(A) we can define a graded module r(J-') by the rule: 

T{T) :== e }lom{0{-i),T) 

i>0 

It is proved in 0| that for any noetherian algebra A that satisfies the condition (xi) the correspondence F is 
a functor from qgr(A) to griA) and the composition of F with the natural projection tt : gr{A) — > qgr(A) is 
isomorphic to the identity functor (see § 3,4). 

We formulate next a result about the cohomology of sheaves on noncommutative weighted projective spaces. 
This result is proved in 3 (Theorem 8.1) for a general regular algebra and parallels the commutative case. 

Proposition 2.7. Let Se — Sg{ao, . . . ,an) be the algebra of the noncommutative weighted projective space 
Fg = Pe(a). Then 

1) The cohomological dimension of the category coh(P0(a)) is equal to n, i.e. for any two coherent sheaves 
J-,G (z coh(Pe) the space Ext*(jF, tj) vanishes if i > n. 

2) There are isomorphisms 

USe)k forp = 0,k>0 

(2.5) (Pe, 0{k)) - J (Sor_,_i forp^n,k< -I 

I otherwise 

This proposition and the ampleness of the sequence {0(i)} imply the following corollary. 

Corollary 2.8. For any sheaf G coh(P6i) and for all sufficiently large i we have H'' {¥ g , T {i)) = for 
all k > 0. 
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Proof. The group H^(^0,T{i)) coincides with Ext'°(C'(— i), JF). Let k be the maximal integer (it exists because 
the global dimension is finite) such that for some T there exists arbitrarily large i such that Ext'^(C'(— z), JF) ^ 0. 

s 

Assume that k > 1. Choose an epimorphism ® 0{—kj) T. Let T\ denote its kernel. Then for i > 

i=i 

max{A:j} we have Ext>°(0(-i), 0{-kj)) = 0, hence Ext''{0{-i),T) ^ implies Ext''^\0{-i), Ti) ^ 0. 
This contradicts the assumption of the maximality of k. □ 

One of the useful properties of commutative smooth projective varieties is the existence of the dualizing sheaf. 
Recall that a sheaf ojx is called dualizing if for any e coh{X) there are natural isomorphisms of k-vector 
spaces 

W{X,J^) = Ext"-' {J', ujx)*, 
where * denotes the k-dual space. The Serre duality theorem asserts the existence of a dualizing sheaf for 
smooth projective varieties. In this case the dualizing sheaf is a line bundle and coincides with the sheaf of 
differential forms fi^ of top degree. 

Since the definition of ux is given in abstract categorical terms, it can be extended to the noncommutative 
case as well. More precisely, we will say that qgr(A) satisfies classical Serre duality if there is an object 
Lo G qgr(j4) together with natural isomorphisms 

Ext^O,-) =Ext"-X-,w)*. 

Our noncommutative varieties Pe(a) satisfy classical Serre duality, with dualizing sheaves being C'(— /), where 
/ = ^ is the Gorenstein parameter for Sg{aQ, . . . ,an). This follows from the paper j42j . where the existence 
of a dualizing sheaf in qgr(v4) has been proved for a class of algebras which includes all noetherian regular 
algebras. In addition, the authors of 42 showed that the dualizing sheaf coincides with A{~1), where / is the 
Gorenstein parameter for A. 

There is a reformulation of Serre duality in terms of bounded derived categories . A Serre functor in the 
bounded derived category D^(coh(P6/)) is by definition an exact autoequivalence S of D*'(coh(Pe)) such that for 
any objects X,Y G D''(coh(P6i)) there is a bifunctorial isomorphism 

Hom(A:,y) llom{Y,SXy. 

Serre duality can be reinterpreted as the existence of a Serre functor in the bounded derived category. 

2.4. Exceptional collection on Pe(a). For many reasons it is more natural to work not with the abelian 
category of coherent sheaves but with its bounded derived category T)''{coh{Fg)). The purpose of this section 
is to describe the bounded derived category of coherent sheaves on the noncommutative weighted projective 
spaces in the terms of exceptional collections. 

First, we briefly recall the definition of the bounded derived category for an abelian category A. We start 
with the category C^{A) of bounded differential complexes 

M* = (0 — y y AP ^ MP+^ MP+^ — > > 0), e A, p £ Z, ^ 0. 

A morphism of complexes / : M' — > N' is called nuU-homotopic if f 'P = d^h^ + W^^dM for all p E Z and 
some family of morphisms : — > N'P^^. Now the homotopy category 'H.^{A) is defined as a category with 
the same objects as C''(^), whereas morphisms in H^^A) are equivalence classes / of morphisms of complexes 
modulo null-homotopic morphisms. A morphism of complexes s : N' — s- M' is called a quasi-isomorphism if 
the induced morphisms H^s : Hp{N') — > HP{M') are isomorphisms for all p G Z. Denote by S the class of 
all quasi-isomorphisms. The bounded derived category D''(^) is now defined as the localization of H''(^) with 
respect to the class S of all quasi-isomorphisms. This means that the derived category has the same objects as 
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the homotopy category H''(y^), and that morphisms in the derived category are given by left fractions s ^ o f 
with s G S. 

Remark 2.9. For any full subcategory £ C A one can construct the homotopy category H''(£) and a functor 
H^(£) — s- D^(^). In some cases, for example when A is the abelian category of modules over an algebra A 
of finite global dimension and £ is the subcategory of projective modules, this functor H''(£) D''(^) is an 
equivalence of triangulated categories. 

Second, we recall the notion of an exceptional collection. 

Definition 2.10. An object E of a 'k.-linear triangulated category T) is said to be exceptional i/Hom(£^, -E[fc]) = 
for all fc 7^ 0, and Hom(S, E) ^ k. 

An ordered set of exceptional objects a — {Eq, . . . En) is called an exceptional collection ifliom{Ej, Ei[k]) = 
for j > i and all k. The exceptional collection a is called strong if it satisfies the additional condition 
Hom(i?j, Ei[k]) ~ for all i,j and for k ^ 0. 

Definition 2.11. An exceptional collection {Eq, . . . , En) in a category V is called full if it generates the category 
V, i.e. the minimal triangulated subcategory of V containing all objects Ei coincides with T). We write in this 
case 

= (-£'0, • ■ • , £^n) • 

Consider the bounded derived category of coherent sheaves D''(coh(P0)). We prove that this category has 
an exceptional collection which is strong and full. In this case we will say that the noncommutative weighted 
projective space possesses a full strong exceptional collection. 

Theorem 2.12. For any noncommutative weighted projective space Pe(a) and for any k ^ 'L the ordered 
set o{k) — (0{k), . . . , 0{k + I — 1)) , where I — '^Oi is the Gorenstein parameter of Sg, forms a full strong 
exceptional collection in the category D''(coh(Pe)). 

Proof. It follows directly from ProDOsition l2 . 71 that the collection a{k) is exceptional and strong. To prove that 
the collection is full let us consider the triangulated subcategory V C D''(coh(Pe)) generated by the collection 
a{k). The exact sequence H2.4|l induces the exact sequence 

n n — 1 

(2.6) 0^O(-^a,)- 0(-^a.^.)^... 

i—0 iQ<...<in~i j—0 

n 

. 0(-a,„ - a, J ^ 0{-a,) ^ O ^ 0. 

io<il 2=0 

Shifting it by fc + Z one obtains that the object 0{k + 1) also belongs to T) and repeating this procedure deduce 
that 0{i) for all i belongs to V. Assume that V does not coincide with D''(coh(Pe)) and take an object U which 
does not belong to V. It is proved in ^Hl (Theorem 3.2) that the subcategory V is admissible, i.e. the natural 
embedding functor V ^ T)''{coh{Fg)) has right and left adjoint functors. Denote by j the right adjoint and 
complete the canonical map jU — > U to a. distinguished triangle 

jU ^jU[l]. 

It follows from adjointness that for any object V £ V the space Hom(V, C) vanishes. The object C is a bounded 
complex of coherent sheaves. Denote by H'^{C) the leftmost nontrivial cohomology of the complex C. The 
ampleness of the sequence {0{i)}i^z guarantees that for sufficiently large i the space Hom(0(— i), i/'^(C)) is 
nontrivial. This implies that Hom(0(— i)[— fc], C) is nontrivial, which contradicts to the fact that the object 
0{-i)[-k] belongs to V. □ 
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The strong exceptional collection on the ordinary projective space P" was constructed by Beilinson in [3]. 
This question for the weighted projective spaces was considered in |2]. 

Definition 2.13. The algebra of the strong exceptional collection {Eq, . . . , £"„) is the algebra of endomorphisms 

n l-l 

of the object © Ei. Denote by 7g the sheaf © 0{i) and by Bg the algebra of the collection {O, . . . , 0{l — 1)) on 

1=0 1=0 

the noncommutative weighted projective space Fg, i.e. Bg — End(7e). 

The algebra Bg is a finite dimensional algebra over k. Denote by mod-Bg the category of finitely generated 
right modules over Bg. For any coherent sheaf T G coh(Pe) the space }iom{Tg,J^) has a structure of right 
-Bg-module. Denote by Pi the modules 'Hom{Tg, 0{i)) for i = 0, . . . , — 1). All these are projective Bg-modules 
and Bg = (B Pi. The algebra Bg has I primitive idempotents e^, i = 0, . . . , Z — 1 such that Isg — cq + ■ ■ ■ + e;_i 

1=0 

and CiCj = if i ^ j. The right projective modules Pi coincide with CiBg. The morphisms between them can 
be easily described since 

Hom(P„P,) = Rom{e,Bg,ejBg) ^ e.Bge, = Rom{0{i),0{j)) = {Sg),-^. 

Moreover, the algebra Bg has finite global dimension. This follows from the fact that any right (and left) 
module M has a finite projective resolution consisting of the projective modules Pi. Indeed the map 

i-i 

Hom(Fj, M) ® — > M 

i=0 

is surjective and there are no non-trivial homomorphisms from Pi-i to the kernel of this map. Iterating this 
procedure we get a finite resolution of M. 

Sometimes it is useful to represent the algebra Bg as a category Q3e which has / objects, say Va, . . . , vi-i, and 
morphisms defined by 

Romiv,,Vj) ^ Hom(0(i),0(j)) = 
with the natural composition law. Thus i?e = ^ Hom(wi,Wj). 

0<i,j<l-l 

The algebra Bg is a basis algebra. This means that the quotient of Bg by the radical ra.d{Bg) is isomorphic to 

the direct sum of / copies of the field k. The category mod~Bg has I irreducible modules which will be denoted 

i-i 

Qi, i — 0, . . . ,1 ~ 1, and Qi — Bg/ Tad{Bg). The modules Qi are chosen so that IIom(P,;, Qj) = 6ij k. 

i=0 

Our next topic is the notion of mutation in an exceptional collection. Let a = {Eq, . . . , En) be an exceptional 
collection in a triangulated category V. Consider a pair {Ei, -E^+i) and the canonical maps 

Rom' {E„ E,+i) ®E, — > E,+i and E, — > Rom' {E,, E,+i)* ® E,+i, 

where by definition 

Hom'(£;„ E,+i) (E)E,=^ Rom'' {E„ E.+i) ® E,[~k], 

Hom*(£;„ E^+i)* (g> E,+i = Rom-''{E„ E,+i) (g> E,+i[-k] 

fcez 

(recall that the tensor product of a vector space V with an object X may be considered as the direct sum of 
dim copies of the object X). 

We define objects LEi+i and REi as the objects obtained from the distinguished triangles 

LE^+l — * Rom'{E^, E^+i) ® E., — > E^+i, 
E, — > Rom'{E„E,+i)* ® E,+i — > RE,. 
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The object LEi+i (resp. REi) is called by left (right) mutation of Ei^i (resp. Ei) in the collection a. It can be 
checked that the objects LEi^i and REi are exceptional and, moreover, the two collections 

LiCF = (i?o, • • ■ , LEi+i, Ei, Ei+2, ■ ■ ■ , En) 

RiCr — {Eq, . . . , Ei-i, Ei+i, REi, Ei+2, ■ ■ ■ , En) 

are exceptional as well. These collections are called left and right mutations of the collection a in the pair 
{Ei,Ei+i). Consider Ri and Li as operations on the set of all exceptional collections in the category V. It is 
easy to see that they are mutually inverse, i.e. RiLi = 1. Moreover, Li (resp. Ri) satisfy the Artin braid group 
relations: 

LiLi^iLi = LiJ^iLiLi^i, RiRi^iRi = Ri^iRiRi^i 

(see [inilTni). 

Denote by L'^^^Ei with k < i the result of multiple left mutations of the object Ei in the collection a. 
Analogously for right mutations. 

Definition 2.14. The exceptional collection (i("^i?„, L*^"~-'^^_B„_i, . . . i?o) is called the left dual collection for 
the collection (Eq, . . . , En). Analogously, the right dual collection is defined as {En, REn~i, ■ ■ ■ , i?^"-'£^o)- 

Example 2.15. For example, let us consider the full exceptional collection (Pq, . . . , Pi^i) in the category 
T)^ (mod ~ Be) , consisting of the projective Bg-modules Pi. R can he shown (e.g. jlO|. Lemma 5.6) that the 
irreducible modules Qi,0 < i < I can be expressed as 

Thus, the left dual for the exceptional collection (Pq, . . . , Pi-i) coincides with the collection (Q;_i[l — /],..., Qo)- 

2.5. A description of the derived categories of coherent sheaves on P6((a). The natural isomorphisms 
IIom(Pi, Pj) = llom{0{i),0{j)), which are direct consequences of the construction of the algebra Bg, allow us to 
construct a functor F : 'H.^{'P) — > D''(coh(Pe)), where V is the full subcategory of the category of right modules 
mod-Be consisting of finite direct sums of the projective modules Pi,i = 0,. . . ,1 — 1. The functor F sends Pi 
to 0{i) and any bounded complex of projective modules to the corresponding complex of 0{i), i — 0, ... ,1 — 1. 
It follows from Remark |2 .91 that the functor F induces a functor 

F : T>\mod-Be) — > D''(coh(Pe)). 

Theorem 2.16. The functor F : D''(mod-Be) — > D''(coh(Pe)) is an eguivalence of the derived categories. 

Since the exceptional collection {O, . . . , 0{l — 1)) generates the category D^(coh(Pe)) it is sufficient to check 
that the functor F is fully faithful. We know that for any < i, j < / — 1 and any k there are isomorphisms 

Uom{P„ Pj[k]) llom{FP„FPj[k]) = Hom(C'(i), 0(j)[fc]). 

Since Pi,i — 0, . . . ,1 ~ 1 generate T)'' {mod- Bg), the proof of the theorem is a consequence of the following 
lemma. 

Lemma 2.17. Let A be abelian category and D be a triangulated category. Let F : D''(^) > T) be an exact 

functor and let {Ei^n^j he a set of objects ofD^i^A) which generates D''(^) (i.e. the minimal full triangulated 
subcategory ofT>^{A) containing all Ei coincides with JIi^{A)). Assume that the maps 

Ylom{E, , Ej [k] ) — > Ylom{FE, , FEj [k] ) 

are isomorphisms for all i,j Cz I and any fc G Z. Then the functor F is fully faithful. 
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Proof. This lemma is known and results from devissage (e.g. ^J,10.10, [2S|4.2). We first consider the full 
subcategory C G D''(^) which consists of all objects X such that the maps 

Hom(X, E, [k] ) ^ Rom{FX, FE, [k] ) 

are isomorphisms for alH G / and all k G Z. The category C is a triangulated subcategory, because it is closed 
with respect to the translation functor and, for any distinguished triangle 

X — >Y — > Z — > X[l], 

if X and Y belong to C, then Z belongs too. The last statement is a consequence of the five lemma, i.e., since 
the morphisms /i, /2, /4, /s in the diagram 

Hom(r[l],£;,) > Rom{X[l],E,) > Rom{Z,E,) > 

4 4 

Uom{FY[l],FEi) > llom{FX[l], FEi) > llom{FZ,FE,) > 

> Hom(y,£;,) > Rom{X,E,) 

/4 /a 

> Rom{FY,FE,) > }iom{FX,FE,) 

are isomorphisms, the morphism /a is an isomorphism too. The subcategory C contains the objects Ei and, 
hence, coincides with D^(y^). Now consider the full subcategory B C D^(y^) consisting of all objects X such 
that the map 

Hom(r, X[k] )^ Hom(i^y, FX[k] ) 
is an isomorphism for every object Y G D''(^) and all fc G Z. By the same argument as above the subcategory 
B is triangulated and contains all Ei. Therefore, it coincides with ^^{A). This proves the lemma and completes 
the proof of the Theorem. □ 

There is also a right adjoint to F, namely a functor G : D^(coh(P6/)) — > D''(mod — Bg). To construct it we 
have to consider the functor 

Hom(re, -) : Qcoh(Pe) — > Mod -Be 

where Mod— Bg is the category of all right modules over Be- Since Qcoh(P6() has enough injectives and has 
finite global dimension there is a right derived functor 

RHom(re,-) : D''(Qcoh(P0)) — > D''(Mod -Be). 

D''{coh{Pg)) is equivalent to the full subcategory D|!Qjj(Qcoh(Pe)) of D^(Qcoh(Pe)) whose objects are complexes 
with cohomologies in coh(Pe). Moreover, the functor RHom(76i,— ) sends an object of D^Q|j(Qcoh(Pe)) to an 
object of the subcategory 'D^^^{Mod—Bg), which is also equivalent to D^(mod— Bg). This gives us a functor 

G = RHom(re,-) : D''(coh(P9)) — * D''(mod-Be). 

The functor G is right adjoint to F, and it is an equivalence of categories as well. 

In the end of this paragraph we describe an equivalence relation 9 9' on the space of all matrices 9 with 
9ij G k* for all i,j under which the noncommutative weighted projective spaces Pg and Vgi have equivalent 
abelian categories of coherent sheaves. It was mentioned above that the graded algebras Sg depend only on 
the matrix 6*"" defined by the rule (|2.3() . However, it can also happen that two different algebras Sg and Sg' 
produce isomorphic algebras Bg and Bgi. 
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Proposition 2.18. Let (mo, . . . , m„) £ (k*)'^"+^^ be any vector with non-zero entries. Suppose that two matrices 
0, 9' e M(n + 1, k*) are related by the formula 

(2.7) 0^=%.m^^ 

Then the algebras Bgt and Bg are isomorphic. 

Proof. Consider the category Sg' and its autoequivalence r which acts by identity on the objects and acts on 
the spaces Honi(wi, zj^) as the multiphcation by {mi)^^~'^\ There is a natural basis of the spaces Hom(wi,tij) 
which is induced by the monomial basis Xi^ ■ ■ -Xi^^ < io < ■ ■ ■ < ik < n oi Sgi. The transformation of this 
basis under the equivalence r gives us a new basis in which the category QSg' coincides with the category QSg 
equipped with its natural basis coming from the monomial basis of Sg. The equivalence of the categories 03^' 
and implies an isomorphism of the algebras Bgi and Bg. □ 

If now the algebras Bgi and Bg are isomorphic, then the composition of the functors 

D''(coh(PeO) ^ T>\mod^Bg,) = D\mod-Bg) ^ D^(coh(P9)) 

is an equivalence of derived categories. This equivalence evidently takes a sheaf 0{i), < i < Z — 1 on fgi to 
the sheaf 0{i) on P^. Using the resolution (|2.t)|) it can be easily checked that this functor takes 0{i) to 0{i) for 
all i G Z. Now, it follows from the ampleness condition on {0{i)} and CoroUarv 12 . 81 that the functor sends the 
subcategory coh{f'gi) to coh(Pe) and induces an equivalence coh(^gi) ^ coh(Pe). We just proved: 

Corollary 2.19. If the matrices 9' and 9 are connected by the relation \2. 7| ) then the noncommutative weighted 
projective spaces ¥gi(sL) and ¥g{sL) have equivalent abelian categories of coherent sheaves coh(P0') and coh(P0). 

In the case n = 1, it follows immediately that for any 9,9' e A/(2,k*) the categories coh(Pe(ao, ai)) and 
coh(Pe/(ao, ai)) are equivalent. 

Next consider the case n = 2. For any matrix 9 £ Af(3,k*) denote the expression 

{Ooir iOi2r (^20 = (^oi)'^^ {Oi2r" (^20)"^ {Owr^' {021)-"" {002^' 

by q{9). Now, the result of Proposition 12 . 1 81 can be written in the following form. 

Corollary 2.20. Let n ~ 2 and let 9' and 9 be two matrices from M(3,k*). If q{9') = q{9) then the abelian 
categories co]i{¥gi{ao, ai, a2)) and coh{¥g{aQ, ai, a2)) are equivalent. 

2.6. DG algebras and Koszul duality. The aim of this section is to give another description of the derived 
category D^(coh(Pe)). It was shown above that this category is equivalent to the derived category D''(mod ~Bg). 
We introduce a finite dimensional differential Z-graded algebra (DG algebra) and prove that the category 
D''(coh(Pe)) is equivalent to the derived category of Cg. 

This new description of the derived category in terms of the DG-algebra Cg naturally yields an exceptional 
collection f CoroUarv 12. 2 7|) . which is essentially the (left) dual of the collection described in Theorem 12. 121 cf. 
the discussion at the end of ^2.41 

We recall here that a DG algebra over k is a graded associative k-algebra 

pel. 

with a differential d of degree +1 such that 

d(rs) = {dr)s + (-l)Pr(ds) 
for 'a\\ r £ BP , s £ R. We will suppose that R is noetherian as a graded algebra. 
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A right DG module over a DG algebra is a graded right i?-niodule M = 0pg2 with a differential V of 
degree 1 such that 

V(mr) (Vm)r + (— l)^TOC?r 

for all TO e MP and r e R. 

A morphism of DG i?-modules / : M — > N is called nuU-homotopic if / = d^h + hdM, where h : M — > N 
is a morphism of the underlying graded i?-modules which is homogeneous of degree —1. The homotopy category 
H''(i?) is defined as a category which has all finitely generated DG i?-modules as objects, and whose morphisms 
are the equivalence classes / of morphisms of DG i?-modules modulo nuU-homotopic morphisms. A morphism 
of DG i?-modules s : M N is called a quasi-isomorphism if the induced morphism H*s : H*{M) H*{N) 
is an isomorphism of graded vector spaces. Now, by definition, the derived category D''(i?) is the localization 

r>\R) := Il\R) [E-i] , 

where E is the class of all quasi-isomorphisms. It can be checked that there are canonical isomorphisms 

HomDi.(fl) (i?,M) ^ HomH6(j^)(i?, Af) ^ H^M 

for each DG i?-module M. 

Any ordinary k-algebra A can be considered as the DG algebra A' with A'^ — A and A^ — Q for all p ^ 0. In 
this case the derived category of the DG algebra D''(A*) identifies with the bounded derived category of finitely 
generated right A-modules, i.e. D''(A*) = D^(niod— A). For a detailed exposition of the facts about derived 
categories of DG algebras, see PSII^ . 

Now denote by Bg^ the algebra Bg/ ia,d{Bg) and consider it as a right Sg-module, isomorphic to the sum 

i-i 

® Qi of all irreducibles. Introduce the finite dimensional DG algebra 

ExtB^(Be„Se,) = ® Ext^ (Bg,, S^,) 

with the natural composition law and trivial differential. In what follows we give a precise description of this 
DG algebra and prove the existence of an equivalence 

B''{coh{Fg))9iB\Exts^{Bg,,Bg,)), 

which gives the promised description of the category D''(coh(Pe)). 

Let us introduce a graded DG algebra A' = A'{ao, . . . , a„). As a DG algebra it is the skew-symmetric algebra 
with trivial differential which is generated by skew-commutative elements y^, i = 0, . . . , Z — 1 of degree 1, i.e. 

n+l 
p=0 

where yi G A^ with the relations t/it/j = —yjiji for all < < n. 

The additional grading on the DG algebra A'{aQ, . . . , a„) is defined by putting G A'_^, . Thus A' {a^, . . . , a„) 
is just a bigraded skew-symmetric algebra 

.i-(ao,...,«„)= 

with generators yi G A^_^.. For any (n+l)x (ri+l)-matrix 9 we also can define a graded DG algebra ylg(ao, . . . , a„) 
as the DG algebra with trivial differential and generated by elements yi G {AgY-^., i = 0, . . . ,n with the relations 

Oijyiyj +d3iy3yt = 

for all < i, j < n. 



MIRROR SYMMETRY FOR WEIGHTED PROJECTIVE PLANES 



17 



Consider the following complex Com* of right ^e-modules 



n-l 



(2.8) Com :=0^Sei-J2^i)^ Sei-J^^h) 



i=0 



ia<ii 



in which the differentials are defined componentwise as follows: for any set / = {io, . . . ik} the differential sends 
the generator of J2 ^^i) to the sum of the elements 



of Se^— J2 Oi), for < s < fc. With this we see that the complex Com* is a free resolution of the right 
Sg-module kg^ . 

Now we define a structure of left DC module over the DC algebra A'g on the complex Com*, such that the 

element yj takes the generator of S0{— J2 ^-i) to the generator of So{— ^ aj) with coefficient 

iei ie{I\is) 

(-!)■' n^'=^ 

iei 

if i = is € I = {ioj ■ ■ ■ ,ik}i and takes it to zero if j ^ I. It can be checked that this action is well defined and 
makes the complex Com* a DG ylj-^e-bimodule. 

Remark 2.21. It is not difficult to see that the complex Com* as a graded Ag-Se-bimodule (i.e. without 
differential) is isomorphic to {Ag)* ^Se, where {A'g)* is Homk(ylg,k). 

k 

Definition 2.22. Define a DG category (actually graded category, because all differentials are trivial) as a 
DG category with I objects, say wq, • • • , wi-i, and the spaces of morphisms between which are the complexes 

Hom*(wj,Wi) ^ {ADi-j 

with the natural composition law induced by that of the DG algebra A'g. 

It follows from the definition of the DG algebra A'q that 

Hom*(wj, Wj) = when j < i. 

Definition 2.23. Define the DG algebra Cg as the DG algebra of the DG category i.e. 

■= Bom' {wj,Wi). 

0<i,j<l-l 

The quotient of this DG algebra by its radical is isomorphic to k®'. In particular the DG algebra Cg, similarly 
to the algebra Bg, has I irreducible DG modules in degree 0. Moreover, as a right DG Cg-module the algebra 
Cg is a direct sum 

i-i 

Cg=^Hi, where Hi = Rom' {wj,Wi), 
1=0 o<j<;-i 
and Hi are homotopically projective right DG C^-modules. 

Let us construct a DG Cg-B^i-bimodule X', obtained from the DG Ag-S g-himodu\e Com* by the formula 

^ith X'{i,j) ^Com'._i 

0<i,j<l-l 
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where Com*_j is the degree {j — i) component of the graded complex Com* . In particular, X'(i,j) = when 
i > j and X'{i,i) = k for all i. The structure of DG Cg-i?0-bimodule on X' comes from the structure of 
DG A'g-Sg-himodule on Com* . The bimodule X' is quasi-isomorphic to k®', and it is quasi-isomorphic to 
Bg / Tad{Bg) as a right Bg-module and to Cg/ rad(Cg) as a left DG C^-module. This fact allows us to say that 
the DG algebra Cg is the Koszul dual to the algebra Bg. 

Remark 2.24. It follows from Remark \2.21\ that X' as a graded Cg-Bg -bimodule (i.e. without differential) is 
isomorphic to 



where H* are the left DG Cg-modules Homk(i?i,k). In other words, as a graded C^-Bg -bimodule X' is isomor- 
phic to Cg* (8)^9! Bg. 

For any right DG C^-module N, the tensor product N^i^X' is naturally a complex of right Bg-modules, in 
which the module structure is given by the action of Bg on X' , and the grading and differential are given by 

{N(»)^X'f= NP(^uXi, d{n(»x)^{dn)(»x+{-l)Pn(»dx 

p+q=k 

for all n € NP,x G X' . The k-submodule generated by all differences nc® x — m® cx is closed under the 
differential and under multiplication by any element of Bg. So the quotient by this submodule, which we denote 
by N X' , is a well-defined complex of right iJg-modules. 

For any complex M of right Bg-modules we define a right DG Cg-module 

HomB,{X',M)'^ ^ n HomB,(X«,Mf), {df){x) ^ d{fix)) - {-ir fidx). 

p-q=k 

In this way we get a pair of adjoint functors (— ) ®q' X' and HomBf,{X',—) between homotopy categories, 
which induce a pair of adjoint functors on the level of derived categories as well; 

^c", X' : 'D^iC'g) — > D'' (mod -Be), RHonis, (X*, -) : T>'' [mod -Bg) — > 'D^{C'g). 

Moreover, since X' is a projective finitely generated right Bg-module and a flat left C^-module, both functors 
(— ) X' and HomBg{X' between homotopy categories preserve acyclicity. Hence, the derived functors 
in this case are defined by the same formulas. For more information about derived functors see e.g. |25| . 

L 

Theorem 2.25. The functors X' anrf RHom^g (X*, — ) are equivalences of triangulated categories. 

Proof. It is evident that the first functor X' takes Cg as a right DG Cg-module to X' as a right Bg- 

i-i 

module which is isomorphic to Bg^ = © Qi in the derived category T) (mod- Bg). On the other hand, it follows 

4=0 

from Remark |2 . 241 and the equalities }iomBg{Pi, Qj) ~ (5]k that the latter functor, RIIomBg(X*, — ), takes the 
module Bg^ = © Qi to the free DG module Cg = ® ^« ^^^"^ takes Qi to Hi for any < i < Z — 1. Thus, the 

1=0 

L 

composition functor RllomBeiX' ,—) X' sends Bs to itself and it also sends all direct summands Qi to 
Qi. The adjunction maps 

RHomB,(X*,Q,) dp. X' — > g, 

cannot be trivial, hence they are isomorphisms for all i. Therefore, we obtain isomorphisms 

HomB,(g„Qj [fc]) ^ Homc.(RHomBe(X*,Qj),RHomB«(X*,Qj)[fc]) = Hom(iJ„ iJj [fc]) 
for any Q<i,j<l~l and all k E Z. 
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Since Qi,i = 0, . . . ,1 — 1 generate the derived category D''(mod-i3e), Lemma [2.171 implies that the functor 
is fully faithful. 

Consider the triangulated subcategory V of D^(Cg) generated by Hi, i — 0,...,/ — 1. By Remark 12.241 
X' as a graded Cg-iJ^-bimodule is isomorphic to ©'ij -ffj* ® Pi, and hence, the dual to X' over k gives a 
resolution of Cg/ rad(Cg) in terms of Hi. Therefore, the subcategory T) contains all irreducible DG modules 
and coincides with the whole D''(Cg). Thus, Hi, i = 0, 1 generate the category D''(Cg), and the functor 
RHoms^ {X' , —) is an equivalence of the derived categories. □ 

Corollary 2.26. There is an isomorphism of DG algebras 

c;^ Exf(g„Q,). 

L 

The assertion of the Corollary is clear now, because the functor (g), which is an equivalence, sends Cg to 
Bg, ^ Vq.,. 

i=0 

Corollary 2.27. The derived category of coherent sheaves D''(coh(Pe)) on the noncommutative weighted space 
Pe is equivalent to the derived category T)^{Cl). 

2.7. Hirzebruch surfaces F„. The surfaces F„ are minimal rational surfaces defined as the projectivizations 
Proj {O © 0{—n)) of the vector bundles O © 0{—n) over P^. The surface F„ has a (— n)-section that will be 
denoted by s. There is a simple connection between F„ and the weighted projective plane P(l, 1, n), namely the 
latter can be obtained from F„ by contracting the (— n)section s. In this way F„ is a resolution of the singularity 
of P(l, 1, n). Thus, we have two different resolutions of the singularity of P(l, 1, n): 

F„ P(l,l,n) 




P(l,l,n) 

For this reason the derived categories of coherent sheaves on F„ and on F(l,l,n) are closely related to each 
other. We will show that for n > 2 there is a fully faithful functor 

MKr, : D''(coh(F„)) — > D''(coh(P(l, l,n))) 

and will give its description. 

Denote by / the class of the fiber of F„ in the Picard group. Since F„ is a P^-bundle over P^ the derived 
category of coherent sheaves on F„ has an exceptional collection of length 4 (see |321). More precisely, we have 

Proposition 2.28. The collection a = (0, 0{f), 0{s + nf), 0{s + {n + 1)/)) is a full strong exceptional col- 
lection on F„. The derived category D''(coh(F„)) is equivalent to the derived category D^(mod --F(n)), where 
F{n) is the algebra of the exceptional collection a. 

Denote by U the two dimensional vector space i/°(F„, 0{f )). From the exact sequence 

— >0 — >0{s + nf) — >Os — ^ 

we find that H^{¥n,0{s + nf)) is the direct sum of the space S"U and a one-dimensional space. Analogously, 
we can check that i?"(F„, 0{s + {n + 1)/)) is isomorphic to S*"?/ © U. 
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On the other hand, we know that the weighted projective plane P(l, 1, n) has an exceptional collection 

{0,0{l),...,0{n),0{n + l)). 

Denote the algebra of this exceptional collection by B{l,l,n). It follows from Proposition 12.71 that the space 
7?°(P(1, 1, n), 0(1)) is isomorphic to U, H^{P{l,l,n),0{n)) is isomorphic to the direct sum of S"U and a 
one-dimensional space, and iJ°(P(l, 1, n), 0(n + 1)) is isomorphic to 5'"C/ ® U. This implies that the algebra 
of the exceptional collection {0,0{f),0{s + nf),0{s + {n + 1)/)) on F„ is isomorphic to the algebra of the 
exceptional collection (O, 0(1), 0{n),0{n + 1)) on P(l, 1, n). 

Thus, the algebra of endomorphisms of the projective B(l, l,n)-module 

coincides with F{n), which makes M a F{n)-B{l, 1, n)-bimodule. The natural functor 

(-) ^Fin) M : B'' {mod -F{n)) — > D''(mod-B(l, 1, n)) 
takes the free module F{n) to M, and there are isomorphisms 

llomFin)iF{n),F{n)[k]) ^ HomB(i,i,„)(A/, M[fc]). 
Since the direct summands of F{n) generate the derived category D''(mod-F(n)), Lemma [2 . 1 71 guarantees that 

L 

the functor (— ) (8'_f(„) M is fully faithful. Using the descriptions of the derived categories of coherent sheaves 
on F„ and P(l, 1, n) in terms of the exceptional collections, we obtain the following theorem. 

Theorem 2.29. The functor 

MKn : D^(coh(F„)) — > D^(coh(P(l, l,n))) 

L 

induced by (— ) (^F(n) M is fully faithful. 

3. Categories of Lagrangian vanishing cycles 

3.1. The category of vanishing cycles of an affine Lefschetz fibration. We begin this section by briefly 
reviewing Seidel's construction of a Fukaya-type Aoo-category associated to a symplectic Lefschetz fibration 
1^1231321, following a proposal of Kontsevich For an account of the underlying physics, the reader is 

referred to the work of Hori et al . 

Let {X, Lo) be an open symplectic manifold, and let / : X ^ C be a symplectic Lefschetz fibration, i.e. a 
C°° complex- valued function with isolated non-degenerate critical points pi, . . . ,pr near which / is given in 
local coordinates by /(zi, . . . , z„) = f{pi) + zf + ■ ■ ■ + z^, and whose fibers are symplectic submanifolds of X. 
Fix a regular value Aq of /, and consider an arc 7 C C joining Aq to a critical value Ai — f{pi). Using the 
horizontal distribution given by the symplectic orthogonal to the fibers of /, we can transport the vanishing 
cycle at pi along the arc 7 to obtain a Lagrangian disc C X fibered above 7, whose boundary is an embedded 
Lagrangian sphere in the fiber Sq = /^^(Aq). When the fibers of / are non-compact, parallel transport 
along the horizontal distribution is not always well-defined; we will always assume that the symplectic form to 
satisfies the conditions required to make the construction valid. The Lagrangian disc is called the Lefschetz 
thimble over 7, and its boundary is the vanishing cycle associated to the critical point pi and to the arc 7. 

Let 71, . . . ,7r be a collection of arcs in C joining the reference point Aq to the various critical values of /, 
intersecting each other only at Aq, and ordered in the clockwise direction around pq. Each arc 7^ gives rise to 
a Lefschetz thimble Di <Z X, whose boundary is a Lagrangian sphere C Sq- After a small perturbation we 
can always assume that these spheres intersect each other transversely inside Sg- 
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Definition 3.1 (Scidcl). The directed category of vanishing cycles Lagvc(/, {7i}) '■^ '"^ Aoc-category (over a 
coefficient ring R) with r objects Li, . . . , corresponding to the vanishing cycles (or more accurately to the 
thimbles); the morphisms between the objects are given by 

{CF*{L,,Lj-R)^R\^^'^^^\ iii<j 
R-id ii i= j 

if ^ > J- 

and the differential mi, composition m2 and higher order products ruk are defined in terms of Lagrangian Floer 
homology inside Sq- More precisely, 

TJik ■■ Hom(iio,Lii) (g) • • • (g) Honi(Li^_j,LiJ ~* Honi(Lj,„ J [2 - k] 

is trivial when the inequality i^ < ii < ■ ■ ■ < i^ fails to hold (i.e. it is always zero in this case, except for m2 
where composition with an identity morphism is given by the obvious formula). When iq < • • • < ifc, is 
defined by fixing a generic Lu-compatible almost- complex structure on Eq and counting pseudo-holomorphic maps 
from a disc with fc + 1 cyclically ordered marked points on its boundary to Eo, mapping the marked points to the 
given intersection points between vanishing cycles, and the portions of boundary between them to Li^ , ■ ■ • , Li^, 
respectively. 

While tlie general definition of Lagrangian Floer homology is a very delicate task JS] , we will only consider 
cases where most of the technical considerations can be skipped. For example, Seidel considers the case where 
the symplectic form w is exact {lo = dO for some 1-form 9) and the Li are exact Lagrangian submanifolds in 
Eo (i-c. 9\i^. — dgt is also exact). Here, we assume instead that the restricted symplectic form io^-^^ is exact 
and that the homotopy groups 7r2(Eo) and 7r2(Eo,Li) are trivial. The first condition prevents the bubbling of 
pseudo-holomorphic spheres, while the second one prevents the bubbling of pseudo-holomorphic discs in the 
definition of Lagrangian Floer homology. Therefore, the moduli spaces of pseudo-holomorphic maps involved in 
the definition of Lagvc(/, {7i}) have well-defined fundamental classes. 

Another assumption that we will make concerns the Maslov class, which we will assume to vanish over Li. 
In fact, we will restrict ourselves to the case where X and Eq are affine Calabi-Yau manifolds, and the spheres 
Li can be lifted to graded Lagrangian submanifolds of Eo, e.g. by fixing a holomorphic volume form on Eq and 
choosing a real lift of the phase exp(i0) = Q^i^./vol]^. : Li . This makes it possible to define a Z-grading 

(by Maslov index) on the Floer complexes CF* {Li, Lj; R), as will be discussed later (see also |S1)- 

For simplicity, Seidel uses R — Z/2 as coeflricient ring in his definition; however the moduli spaces considered 
below are orientable, so it is possible to assign a sign ±1 to each pseudo-holomorphic curve and hence define 
Floer homology over Z. We will further extend the coefficient ring to i? = C, and count the contribution of 
each pseudo-holomorphic disc u : {D^,dD^) (Eo,lJ-Zji) in the moduli space with a coefficient of the form 
±exp(— u*uj). Weighting by area is irrelevant in the case of exact Lagrangian vanishing cycles considered 
by Seidel, where it does not affect at all the structure of the category: indeed, the symplectic areas can then 
be expressed in terms of the primitives gi of over Li, and can be eliminated from the description simply by a 
rescaling of the chosen bases of the Floer complexes (considering the basis {exp {gi{p) — gj{p))p, p G LiCi Lj} 
of CF*{Li,Lj)). On the contrary, in the non-exact case it is important to incorporate this weighting by area 
into the definition. 

Hence, given two intersection points p G n , g G H L^ (i < j < k), we have by definition 
™2(p,'7)= ^ I ^ ±exp(- / u*uj)\r 

reLiOLk \[u]eM{p,q,r) J 
dcg r— dcgp+dcg q 
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where M{p, q, r) is the moduh space of pseudo-holomorphic maps u from the miit disc to M (equipped with a 
generic w-compatible almost-complex structure) such that = p, = u(j^) = r (where j = exp(^)), 
and mapping the portions of unit circle [1, j], [j'^, 1] to Li, Lj and Lj^ respectively. The other products are 

defined similarly. 

It is worth mentioning that this definition of Floer homology over complex numbers is in fact essentially 
equivalent to the use of coefhcients in a Novikov ring, since in both cases the main goal is to keep track of 
(relative) homology classes. 

Although the category Lagvc(/, {7i}) depends on the chosen ordered collection of arcs Seidel has 

obtained the following result |34| : 

Theorem 3.2 (Seidel). // the ordered collection {7^} is replaced by another one {7j'}, then the categories 
Lagvc(/, {7i}) fl'^'^ Lagvc(/, {7i'}) differ by a sequence of mutations. 

Hence, the category naturally associated to the Lefschetz fibration / is not the finite directed category defined 
above, but rather a (bounded) derived category, obtained from Lagvc(/, {7i}) by considering twisted complexes 
of formal direct sums of Lagrangian vanishing cycles, and adding idempotent splittings and formal inverses 
of quasi-isomorphisms. It is a classical result that, if two categories differ by mutations, then their derived 
categories are equivalent; hence the derived category D(Lagvc(/)) only depends on the Lefschetz fibration / 
rather than on the choice of an ordered system of arcs |34j . 

We finish this overview with a couple of remarks. In "usual" Fukaya categories, objects are pairs consisting 
of a compact Lagrangian submanifold and a flat connection on some complex vector bundle defined over it. In 
the case of the category associated to a Lefschetz fibration, the objects are vanishing cycles, or perhaps more 
accurately, the Lefschetz thimbles bounded by the vanishing cycles. Since the thimbles are contractible, all 
flat vector bundles over them are trivial, which eliminates the need to consider Floer homology with twisted 
coefficients. This ceases to be true in presence of a non-trivial B-field, but even then the equivalence class of 
the connection is entirely determined by the thimble. Another related issue is the choice of a spin structure on 
the vanishing cycles in order to fix the orientation on the moduli spaces: in the one-dimensional case that will 
be of interest to us, each vanishing cycle admits two distinct spin structures (iJ^(5^, Z/2) = Z/2). However we 
must always consider the spin structure which extends to the thimble, i.e. the non-trivial one. 

The reader is referred to Seidel's papers |34[ I35| for various examples - we will focus specifically on the 
Landau-Ginzburg models mirror to weighted projective spaces and Hirzebruch surfaces. 

3.2. Structure of the proof of Theorem 11.21 Derived categories of coherent sheaves on the weighted pro- 
jective planes P^(a, 6, c) and their noncommutative deformations Pg(a, 6,c) have been described in Chapter 13 
Hence, to prove Theorem 11.21 we need to find a similar description of the derived categories of Lagrangian 
vanishing cycles on the mirror Landau-Ginzburg models. 

Recall that the mirror to Pg(a,6, c) is {X^W), where X is the affine hypersurface {x°'y^z^ = 1} C (C*)'^, 
equipped with an exact (for the commutative case) or non-exact (for the noncommutative case) symplectic 
form, and the superpotential W ^ x + y + z. 

By construction, categories of Lagrangian vanishing cycles for Lefschetz fibrations always admit full ex- 
ceptional collections. Indeed, for any choice of arcs {7^} the objects Li of Lagvc(W^, {7^}) form a generating 
exceptional collection of the derived category. Hence, in view of Theorem 12.121 and Corollarv l2.27l all we need 
to do is exhibit a set of arcs {7^} for which Lagvc(W^, {7^}) is equivalent to one of the categories or €g 
introduced in ^ (it turns out that the latter choice is slightly easier to achieve) . 

Recall from Corollarv 12 . 271 that D''(coh(Pg(a, 6, c))) is equivalent to the derived category of the DG-algebra 
Cg associated to the finite DG-category €g which has I = a + b + c objects wq, ■ ■ ■ , Wi-i, with morphisms between 
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them given by the complexes 

Rom' {wj,Wt) = {A'g)i^j 

with the natural composition law induced by that of the deformed exterior algebra A'g on three generators of 
degrees —a, —6, — c, with relations of the form OijUiyj + OjiUjUi where G M(3,C*) (see ^T^ . Moreover, by 
Corollarv l2.2UI this category depends only on the quantity 

q{e) = {eoir{ei2ne2o)''{dior%d2i)-''{0o2r''- 

From a practical viewpoint, the cyclic group Z/(a + + c) acts by diagonal multiplication on X, and the 
superpotential W — x + y + z is equivariant with respect to this action. The (a + b + c) critical values of W form 
a single orbit under this action (see ii4.2|l . In order to exploit this symmetry, it is therefore natural to choose the 
smooth fiber Sq = W~^{0) as our reference fiber, and an ordered system of arcs C C {i — 0, . . . ,a + b + c~l) 
consisting of straight line segments from the origin to the various critical values A^. 

With this understood, Theorem 11.21 follows immediately from CoroUarv 12 . 2 71 and the following statement: 

Theorem 3.3. Lagvc(W^, {7i}) is a DG category, and it is equivalent to (Lg for any 9 S M(3, k*) such that 
q{0) — e^j){i[B + iu] ■ [T]), where [B + iuj] E H'^(X,C) is the complexified Kdhler class, and [T] is the generator 
ofH2{X,Z). 

The proof of Theorem \[\ . 31 consists of several steps, carried out in the various subsections of 21 First, as a 
prerequisite to the determination of the vanishing cycles, one needs a convenient description of the reference 
fiber Eq- This is done by considering the projection to the first coordinate axis, t^x : — > C*, which makes Sq 
a (fe + c)-fold covering of C* branched in (a + 6 + c) points fLcmma l4.1(l . With this understood, it becomes fairly 
easy to identify the vanishing cycles associated to the arcs 7j, at least in the special case where the symplectic 
form is anti-invariant under complex conjugation (which implies its exactness). Indeed, this assumption implies 
that the vanishing cycles Lj are Hamiltonian isotopic (and hence equivalent from the point of view of Floer 
theory) to the double lifts via of certain arcs 6j C C* f Lemma 14.211 which can be described explicitly (Figure 

EJ. 

With an explicit description of the vanishing cycles at hand, it becomes possible to understand the Floer 
complexes CF*{Li, Lj), by studying the intersections between Li and Lj for all < i < j < a + b + c. Using 
the projection to the first coordinate, these correspond to certain specific intersections between the arcs di and 
6j in C*, as dictated by the combinatorics of the branched covering n^. Such a description is given by Lemma 
14.31 from which it follows readily that CF*{Li, Lj) ~ {Ag)i^j for all i,j. 

The next step is to study the Floer differentials and products in Lagvc(VF, {7i}) by counting pseudo- 
holomorphic maps from {D^,dD^) to (I]o,lJii). This is done by searching for immersed polygonal regions 
in So with boundary contained in IjLi, or equivalently, images of such regions under the projection t^x (see 
H4.4(l . In our case, it turns out that the only possible contributions come from triangular regions in So; hence, 
the Floer differential toi and the higher compositions {mk)k>d. are identically zero f Lemmas 14.31 and I4.4|l for 
purely topological reasons, while the Floer product m2 has a particularly simple structure fLcmma I4.5|l . In 
particular, the Aoo-category Lagvc(IV, {7i}) is actually a DG category with trivial differential. 

The grading in Lagvc(W^, {7i}) is determined by the Maslov indices of intersection points. Since the Maslov 
class vanishes, each Li can be lifted to a graded Lagrangian submanifold of So by choosing a real lift of its phase 
function (see H4.5|) . The degree of a given intersection point p £ Li O Lj is then determined by the difference 
between the phases of Li and Lj at p. Although the determination of phases is the most technical part of 
the argument, it actually presents little conceptual difficulty, and after some calculations one readily checks 
that the grading of morphisms in Lagvc(W^, {7i}) is the expected one. Namely, the "generating" morphisms 
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corresponding to the generators of the deformed exterfor algebra A'g have degree 1, and their pairwise products 
have degree 2 (cf. Lemma ^Tj). 

The argument is then completed by determining more precisely the structure coefficients for the Floer product 
7712 , which depend on the symplectic areas of the various pseudo-holomorphic discs and on the choice of consis- 
tent orientations of the moduli spaces (see H4.6|l . In the case where the symplectic form is anti- invariant under 
complex conjugation, the argument is greatly simplified by symmetry considerations, and the Floer products 
obey the anticommutation rules of an (undeformed) exterior algebra fLemma l4.8|l - recall that complex conjuga- 
tion anti-invariancc implies exactness of the symplectic form. In the non-exact case or in presence of a non-zero 
B-field, there is no simple method for determining the symplectic areas of the various pseudo-holomorphic discs 
involved in the definition of m2. However the deformation of the category Lagvc(W^, {7i}) is governed by a 
single parameter (analogous to the quantity q{9) introduced in Corollary 12. 20(1 . for which a simple topological 
interpretation can be found, involving only the evaluation of [B + ico] on the generator of H2{X,1) (Lemmas 
Oland lOl . 

This provides the desired characterization of the category of Lagrangian vanishing cycles, and Theorem 13. 31 
becomes an easy corollary of Lemmas l4.3H4.ldl The only subtle point is that the objects of the category <te 
are numbered "backwards" (because the generators of A'g are assigned negative degrees), so the equivalence of 
categories actually takes the objects io, ■ • ■ , ^a+b+c-i of Lagvc(W^, to the objects Wa+b+c-i, ■ ■ ■ ,wq oi <Zg. 

3.3. Mirrors of weighted projective lines. As a warm-up example, we prove HMS for the weighted projec- 
tive lines CP^(a, 6), where a, h are mutually prime positive integers (see also j35| and |39p. The argument is an 
extremely simplified version of that outlined in ij3.2l Indeed, the mirror Landau-Ginzburg model is the curve 
X — {x°'y'' = 1} C (C*)^ equipped with the superpotential W — x + y, whose generic fiber is just a finite set 
of a -f- & points; so most of the considerations that arise in the case of weighted projective planes are irrelevant 
here (in particular the symplectic structure on X plays no role whatsoever, which is consistent with the fact 
that the category coh(P9(a, b)) does not depend on 9). 
More precisely, the fiber of W above a point A e C is 

W-^{X) = {{x,X-x) e (C*)2, x'^iX-x)'' = 1}, 

which consists oi a + b distinct points, unless P{x) — x'^{X — x)^ — 1 has a double root. Since 

P\x)^(---^Yp{x) + 11 
\x X — xJ 

a root of P is a double root if and only xi x — -^^X\ hence a double root exists if and only if P(^j^A) ~ 0, i.e. 

(3.1) 



a 



Let Ao be the positive real root of this equation, and let Xj = AqC""* where C = 6xp(^^): then the critical 
values of W are exactly Aq, . . . , Aa+;,-i- We choose Sq — VF~^(0) as our reference fiber, and consider the 
ordered system of arcs 70, . . . ,7a+b-i, where 7j C C is a straight line segment joining the origin to Xj. With 
this understood, we have the following result, which implies that HMS holds for CP^(a, 6): 

Theorem 3.4. Lagvc(W^, {7i}) *s a PC category, equivalent to €0 for any 6 e M(2,k*). 

In order to prove Theorem 13. 41 we study the vanishing cycles of the superpotential W and their intersection 
properties. To start with, observe that W is equivariant with respect to the diagonal action of the cyclic group 
Z/(a + b). Therefore, the vanishing cycles Lj C So (which are Lagrangian 0-spheres, i.e. pairs of points) form 
a single Z/(a -f 6)-orbit, and Lj = ■ Lq. 
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A = 



A = Ao 



A +00 



Figure 1. The fiber of for A e M+ ((a, 6) (4, 3)) 

In order to determine Lq, we study how the fiber W~^{X) varies as A increases along the positive real axis 
(see Figure^. For A = 0, the fiber Sq consists of a + 6 points whose first coordinates are the roots of the 
equation x''+'' ~ (—1)'' (these form a Z/(a + &)-orbit, hence the points of Sq can naturally be identified with the 
elements of Z/(a + 6) up to a translation). As A increases towards Aq, two complex conjugate points of the fiber 
converge towards each other, and become real points for A > Aq. By considering the situation for A — > +00, 
where the solutions of x°'{X — x)^ — 1 split into two groups, one consisting of a roots near the origin, and the 
other consisting of b roots near A, one easily checks that the vanishing cycle Lq consists of the two points of Eq 
with first coordinate x = exp(±^:|). 

Hence, for a suitable identification of the fiber Eq with Z/(a + b), the vanishing cycle associated to the arc 
7o — [0, Aq] is Lq — {0, b}. It follows immediately that Lj = ■ Lq = {— j, b — j} for all j = 0, 1, . . . , a + 6 — 1. 

Given 0<i<j<a + 6, the vanishing cycles Li and Lj intersect if and only if the subsets {— i, b — i\ and 
{— j, b — j} of Z/(a + h) have non-empty intersection, i.e. ii j = i + a ov j = i + b. Therefore, we have: 

Lemma 3.5. The direct sum CF*{Li, Lj) is a free module of total rank (a + 6) over the coefficient ring, 

generated by the intersection points 

x,eCF*{L,,L,+a) {0<i<b) and y, e CF* {L,, L,+b) (0 < i < a). 

Because Eq is a discrete set, all pseudo-holomorphic curves in Sq must be constant maps. However, each 
point of So occurs exactly once as an intersection between two vanishing cycles (there are no triple intersections) , 
which implies that the Floer differentials and products are trivial. Therefore, we have: 

Lemma 3.6. The differentials and products ruk, k > 1 in the Aoo-category Lagvc(M^, {7i}) '^'^c '^^^ identically 
zero, with the exception of the obvious ones m2{-,id) and m2{id, ■). 

This of course greatly simplifies the argument, eliminating the need for many of the arguments required in 
the case of higher-dimensional weighted projective spaces. At this point, our only remaining task is to determine 
the Maslov indices of the various intersection points, by choosing graded Lagrangian lifts of the vanishing cycles. 
A word of warning is in order here: because we are actually dealing with graded Lagrangian submanifolds in a 
Calabi-Yau 0-fold, the argument is very specific (see §2 of for a discussion of graded Lagrangian submanifolds 
of 0-dimensional symplectic manifolds) and does not give a good intuition of the higher-dimensional case. 

Lemma 3.7. There exists a natural choice of gradings for which deg(a;i) — deg(?/i) = 1. 

Proof. Equip the curve X = {x°-y^ = 1} C (C*)^ with the complex structure induced by the standard one. The 
holomorphic volume form dlogx A dlogy on (C*)^ induces a (1, 0)-form fl on X, characterized by the property 
that it is the restriction to AT of a 1-form (which we also call fl) such that fl A d{x°'y^) = dloga; A dlogy, i.e., 
using the fact that x'^y'^ — \ along X, 

^ / a , & , N dx A dy 

n A (- dx + - dy) = -. 

X y xy 



26 



DENIS AUROUX, LUDMIL KATZARKOV, AND DMITRI ORLOV 



Outside of the branch points of W, the 1-form f2 can be expressed as Qdw, for some meromorphic function O 
with simple poles at the branch points. The above equation becomes 8(| — ^) — i-e. Q — {bx — ay)^^ — 
{{a + b)x — aw)^^ . In particular, near Eq — T^"^(0), we have argG = — argx. 

The complex- valued function is (up to scaling by a positive real factor) the natural holomorphic volume 
form induced by Q. on the 0-dimensional manifold Sq = VK^^(O). Let Lq — where the x-coordinate of 

is x± = exp(±^^). The phase of Lq is the function : ^ M/vrZ defined by 

lib 

(f>Lo{p±) = arge(p±) = T — —r- 

a + b 

Note that an orientation on Lq determines a lift of to a R/27rZ-valued function; in order to define the 
Maslov index, we need to view Lq as a graded Lagrangian submanifold, i.e. to choose a real lift (jy^^ : Lq ^ M. 
of the phase function. Although there is a priori a Z^-space of such choices, one has to restrict oneself to only 
those lifts which are compatible with a graded Lagrangian lift of the Lefschetz thimble Dq (which reduces the 
space of choices to Z, as expected since vanishing cycles are only defined up to shifts). If we orient Dq from 
p_ towards p+, then the phase of Dq (the function : Dq R/27rZ defined by (pooip) — argr2(?;) for any 
p (z Dq and v G TpDQ — {0} compatible with the orientation) has the property that 

0Do(P-) = ^^ and (l)Do{p+) = 

a + b a + b 

Moreover, it is easy to check that ^Dj, (p) € (0, tt) for all Dq (because f2 = -jdlogx, and arg a; is monotonically 

increasing along Dq). Hence, there exists a graded Lagrangian lift of Dq for which the phase function takes 

values in (0, tt), which means that we can choose a graded lift of Lq by setting 

hoiP-) = and 4)^^{p+)^^^. 

a + b a + b 

Arguing similarly for the other vanishing cycles (or using the Z/(a + 6)-equivariance), we can choose graded 

lifts of Lj = {pj,^,pj^+} (where argXj^± = -^^{±nb — 271])) by setting 

7 , . <b + 2j) ~ 7r(a + 2j) 

Now, the degree of the morphism Xj, corresponding to = Pj+a,- G Lj n Lj^a, is given by the difference of 
phases: 

1,7 , . ~, , 6 + 2(j + a) a + 2j 



Similarly for j/j : 



degx, = -(^^,.,„ (p,+.,_) - (p,,+)) ^ ^ ^ ^ ^ ^ 

deg,, = -(<^.,,.(p,+,+) - 0.,(P„-)) = - ^ 



□ 



Theorem 13.41 now follows immediately from Lemmas ll'i.5HI'i.7l as in the case of weighted projective planes, 
the only difference between the DG-categories Lagvc(W^, {7i}) and is that the objects of are numbered 
"backwards" , so the equivalence of categories takes the objects Lq, . . . , La+b-i of Lagvc(M^, {7i}) to the objects 

Wa+6-l, . . . , Wo of Iq. 

4. Mirrors of weighted projective planes 

4.1. The mirror Landau-Ginzburg model and its fiber Sq. The mirror to the weighted projective plane 
CP^(a, 6, c) is the afHne hypersurface X — {x'^y^z'^ = 1} C (C*)"^, equipped with the superpotcntial W = 
X + y + and a symplectic form w that we leave unspecified for the moment. During most of the argument, we 
will assume lo to be anti-invariant under complex conjugation (which implies exactness) and under the diagonal 
action of the cyclic group Z/(a + b + c), but these assumptions will be weakened at the end. Of course, since X 
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is non-compact, we also need to choose lo in such a way as to ensure that the Lefschetz thimbles and vanishing 
cycles considered below are well-defined. It is easy to check that, among many other possibilities, a symplectic 
form such as 



UJ 



3 



dzi dzj 
A — - 



(where (a^ ) is a positive definite Hermitian matrix, with real coefficients if we require complex conjugation 
anti-invariance) generates a horizontal distribution for which parallel transport is well-defined, because, with 
respect to the induced Kahler metric, X is complete and the gradient vector of W has norm bounded from 
below outside of a compact set. 

Topologically, X is just a complex torus (C*)^, at least ii S = gcd{a,b,c) = 1; otherwise X is disconnected, 
and each of its d components is a complex torus. 



For each A € C, the fiber T,x — W ^{X) C X is an affine curve given by the equation x'^y''{X 



vY 



1; 



this curve is smooth unless A is one of the a + b + c critical values of W . We will view as a branched covering 
of C*, by projecting to the x axis (this choice is arbitrary, and we will occasionally use the symmetry between 



the variables x,y,z in the argument). For a generic value of a; e C*, the polynomial x'^y {X 



vY 



1 of 



degree 6 -I- c in the variable y admits b ~\- c distinct simple roots; therefore, the projection tt^, : Y,\ — > C* is a 
(6 -|- c)-fold covering. The branch points of are those values of x for which there is a double root, i.e. a value 



of y such that P{y) = x''y''{X - x - yY 



Piy) 

the condition P'{y) = implies that cy — b{X — x 
Sa, we obtain the equation 



1 and P'{y) = 0. Since 
P'iy) ^ b c 

y 



X 



y 



(4.1) 



x^iX 



y), i.e. y — 5^ (A — x). Substituting into the equation of 
(& + cY+'' 



\b+c _ 



b^ 



for the branch points of tTx ■ Since this is a polynomial equation of degree a + 6 -|- c, for a generic value of A there 
are a + b + c distinct branch points, all of which are simple (i.e. isolated non-degenerate critical points of tt^;). 

In the remainder of this section, we set A = 0, and describe the curve Eq in detail, by computing the 
monodromy of the (5 + c)-fold branched covering tt^^ : Eq — > C* around the origin and around its a + 6 + c branch 
points. 

Lemma 4.1. The fiber of : Eq — > C* can be identified with Z/(6 + c) in such a way that the monodromy of 
■Kx around the origin in C* is given by q t-^ q — a, and the monodromies around the a + b + c branch points are 
given by the transpositions + b), < j < a + b + c (see Figure\^. 



To understand this statement, first observe that, when x 
(4.2) 



ee*^ is close to 0, the b + c roots of the equation 





X-y»{-x-yr^l 








Q{0.b) 




• ( 0- i 


^0 (b + c):'l 


c* 



Figure 2. The projection tt^ : Eq 



(of degree b + c, with a + b + c branch points) 
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X -^0 



Ro y 



X = Xq 



X +00 



Figure 3. The roots of x°'y''{-x - y)" = 1 for x e R+ {{a, b, c) = (1, 3, 5)) 
lie close to those of the equation 

Hence, we can choose an identification of the fiber of above a small real positive value x — e (or any other 
ee*^ fixed in advance) with the cyclic group Z/(6 + c) in a manner compatible with the cyclic ordering of the 
points. Moreover, varying 6 from to 27r, wc obtain that the monodromy of around the origin is given by 
the translation q 1-^ q — a in Z/{b + c) (i.e., the permutation sending the root t/g of x°'y^{—x — yY = 1 to yq~a)- 

Next, consider a critical value of tt^, i.e. a root xq of (|4.1|l for A = 0, and the radial half-line t through xo, 
i.e. the set of all x G C* with argument equal to — argxo. Moving x along ^ starting from a point x, — ee*^° 
close to the origin, two of the b + c roots of (|4.2|l become equal to each other as x approaches xq; this determines 
the monodromy of Tlx around xo, namely a transposition in the symmetric group Sh+c acting on a fiber of ■Kx- 
We claim that, identifying the fiber 7r~^(x*) with Z/(& + c) as above, this transposition exchanges two elements 
go and go + b. This can be seen as follows. 

Assume for simplicity that 6 + c is even and that xo is the positive real root of H4.1|l for A = 0; the general 
case is handled similarly, inserting factors e**° where needed. For x ^ 0, as explained above, the & + c roots of 
(|4.2|l are close to those of 

y^+^ = (-l)^x-^ 

i.e. b + c evenly spaced points on a circle (Figure |31 left). As x increases, two complex conjugate roots y^y 
approach the real axis and eventually become equal for x = xo (Figure|31 center) , so that there are two additional 
real roots for x > xo. As x — > +00, the roots of (|4.2|l arc divided into two groups, b roots close to the origin, 
approximated by those of 

/ = (-l)"x-(''+"\ 

and c roots close to — x, corresponding to values of 2; = — x — y close to the origin and approximated by the 
roots of 

z'' = (-l)^x-(°+'') 

(Figure 121 right). Hence, identifying the fiber of vr^ for x small with Z/(6 + c) in a manner compatible with the 
cyclic ordering, the two points which merge for x = xo (the vanishing cycle of Hx at xq) differ from each other 
by exactly b (this can also be checked by numerical experimentation). 

The above argument gives us that the monodromy around one of the branch points xo of ■n.^, e.g. the branch 
point located on the positive real axis or immediately above it, is a transposition {qo,qo + 6); changing the 
identification between the reference fiber of tTx above x* and the cyclic group Z/(6 + c) if necessary, we can 
assume that qo = 0. 

We now find the monodromy around the other branch points of tTx- For this purpose, observe that the 
group G — l^jia + b + c) acts on X by (x, y, z) ^ {x(^ ,y(^ , z(^^), where C, — exp( ^_^^^^ ), and that this action 
preserves Eg, mapping the fiber of tTx above x to the fiber above xC-*. Hence, denoting by y' ,y" the two 
points of the fiber above x* = te^^^ which converge to each other as x moves radially outwards to xo (those 
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labelled and 6), we know that the two points of the fiber above x^.^^ which converge to each other as x moves 
radially outwards to xqC,^ are y'C-' and y"C'' ■ We now transport these two values of y from the fiber 7r~^{x^,(^) 



to 7r^^{x^:) along the arc x{t) 
the roots of (— = e 



27Tit 



-iaO 



Approximating the b + c points of tt^. ^(ee'^) by 
the parallel transport along the considered arc induces a multiplication by 



for t e [0, - 



+b+ci 



exp(2^i5^- 



+c a+b+c' 



Observing that 



exp(27rz-j 



exp(27ri^), 



we obtain that the two points of 7r~^(x*) which become equal as x is moved first counterclockwise around the 
origin and then radially outwards to xqC'' are those which correspond to the elements j and b + j of Z/(6 + c). 
Hence, the monodromy of tt^ around xqC'' (joining to xqC"' in the prescribed way) is the transposition (j, 
which completes the proof of Lemma 14.11 By the way, remark that the comparison between the values j = 
and j = a + b + c is consistent with our determination of the monodromy around x — 0. 

4.2. The vanishing cycles. Now that the fiber Eq is well-understood, we compute the vanishing cycles of the 
Lefschetz fibration : X — > C by studying the degeneration of Sa as A approaches a critical value of W. 

The curve Ea becomes singular when two branch points of the projection : E^ — > C* merge with each 
other, giving rise to a nodal point. This occurs whenever (|4.1|) admits a double root. Considering the logarithmic 
derivative of the left-hand side, we obtain the relation - — -^i^ = 0, which leads to a; = ° A for a double 

' X A — .T ' a+b+c 

root of (|4.1|) . and substituting we obtain the equation 

(4 3) ^a+b+c_ ia + b + cr+'+^ 

^ ' ' a'^b^c'' 

for the a -I- 6 -f c critical values of W (this equation can also be obtained directly) . 

For symmetry and for simplicity, we will choose the smooth curve Eq — W~^{Q) as our reference fiber of 
the Lefschetz fibration W : X ~* and we will choose straight lines for the arcs 7j joining the origin to the 
various critical values Xj = AqC""' oi W (0 < j < a + b + c), where Aq is the real positive root of H4.3|l and 
( = exp( ^^^^^ ). Hence, in order to construct the category of Lagrangian vanishing cycles of W, we need to 
understand how the smooth fiber Eg above the reference point degenerates to the nodal curve Ea^ when A 
moves radially from to Xj. 

We first consider the motion of the branch points of tt^ as A increases along the positive real axis from to 
the critical value Aq. For each value of A, the a + b + c branch points are given by the roots of 14.1|l . When A = 0, 
they all lie on a circle centered at the origin, as represented in Figure [3 As A — > Aq, two complex conjugate 
branch points converge to each other, so that for A = Aq the equation (|4.1I) has a double root x = ^^qifqijAo on the 
positive real axis (Figure^] center). Finally, for A +oo, the roots of H4.1|) split into two groups, one of a points 
close to the origin that can be approximated by the roots of a;° — iffc.cA^'-^+'^-' (where Kb^c = b^^c^'^{b + c)''+'^), 
and one of 6 -f c points close to A for which ^ = X — x can be approximated by the roots of = Kb,cX^^ 
(FigureEI right). Hence, it can be checked that the two branch points of tt^ : Eq — + C* which merge for A ^ Aq 
are those with argument argx = ^ a+b+c that the projection to C* of the corresponding vanishing cycle 



A = 



A = Ao 



A +00 



Figure 4. The branch points of tTx for A G M+ ((a, 6, c) = (4, 2, 1)) 
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is an arc Sq which is symmetric with respect to the real axis, intersects it only once in its positive part, and 
remains everywhere inside the circle containing the critical values of ir^ (Figure 01 left). 

More precisely, the above discussion gives us a topological description of the vanishing cycle Lq d T,q, up to 
homotopy. Namely, two of the b + c lifts to Sq of the arc Sq C C* have common end points (the ramification 
points of TTx lying above the end points of Sq), and their union forms a closed loop Lq in Sq. This loop is a 
topological vanishing cycle, i.e. it shrinks to a point in when A — )■ Aq, but a priori it is only homotopic to 
the symplectic vanishing cycle Lq (obtained by parallel transport using the symplectic connection) . 

The actual position of the vanishing cycle Lq inside Sq depends on the choice of the symplectic form uj on X; 
for a given lu it can be calculated numerically (and it can be checked that for "reasonable" choices oi lu, Lq and 
Lq intersect all other vanishing cycles in the same manner). However, this calculation is unnecessary for our 
purposes. Indeed, if we endow X with a symplectic form that is anti-invariant by complex conjugation, then 
the vanishing cycle Lq is invariant by complex conjugation, i.e. complex conjugation maps Lq to itself in an 
orientation-preserving manner, and the same is true of Lq. Since Lq and Lq are homotopic to each other in Sq, 
their (oriented) invariance under complex conjugation is sufficient to imply that they are Hamiltonian isotopic, 
which means that for the purpose of determining categories of vanishing cycles, Lq and L'q are interchangeable. 

If we deform to a non-exact form, complex conjugation invariance is lost. The intersection patterns between 
vanishing cycles remain the same for small deformations (and can be forced to remain the same even for large 
deformations by performing suitable Hamiltonian isotopies), but the calculation of the coefficient assigned to 
a given pseudo-holomorphic curve involves its symplectic area and hence requires one to work with the actual 
vanishing cycles rather than their topological approximations. Hence, we may obtain non-trivial deformations 
of the category of vanishing cycles; however, these deformations only amount to modifications of the structure 
constants of the products , rather than changes in the Floor complexes themselves or in the types of pseudo- 
holomorphic curves that may arise. 

In any case, except at the very end of the argument, we will always be considering symplectic forms that are 
anti-invariant under complex conjugation, in which case the approximation of Lq by L'q is legitimate. 

We now consider the other vanishing cycles Lj of the Lefschetz fibration W . Recall that the group G — 
li/ [a + 6 + c) acts on X, in a manner that preserves Sq! moreover, : X — )■ C is G-equi variant. If we assume 
the symplectic form lj to be G- invariant, the symplectic connection and the associated parallel transport will 
also be G-equi variant. Therefore, since the arc 7^ C C joining the origin to A^ ~ AqC is the image of 70 by 
the action of C,~^ (where C, = exp( ^_^^^^ )), the same is true of the corresponding Lefschetz thimbles, and hence 
of the vanishing cycles in Eq. This gives us a description of Lj for all values of j. As in the case of Lo; we will 
consider, rather than Lj itself, a loop L'j C So which is homotopic to Lj and can be obtained as a double lift 
via TTa; : So ^ C* of an embedded arc 5j C C*. The loop L'j is defined to be the image of L'q by the action of 
Cj, which means that 6j is the image of 5q by a rotation of angle —-;^f^- If, in addition to its G- invariance, 
oj is assumed to be anti-invariant under complex conjugation, then L'j is Hamiltonian isotopic to Lj, so we can 
work with L'j instead of Lj . 

Hence, to summarize the above discussion, we have the following lemma: 

Lemma 4.2. The vanishing cycles Lj C So (0 < j < a + + c) are homotopic (and, if ld is invariant under 
the action of'Z/{a + b + c) and anti-invariant under complex conjugation, Hamiltonian isotopic) to closed loops 
L'j C So which project by tTx to arcs 5j C C* as represented in Figure\^ (the end points of Sj are the branch 
points of -Kx for which arga; = -27r^qj^ ± 7r^|±^). 

In the following sections, we assume that uj is Z/(a + 6 + c)-invariant and anti-invariant under complex 
conjugation, and we implicitly identify Lj with L'j. 
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(a,fe,c) = (l,l,l) 
Figure 5 . The vanishing cycles Lj C Sq 

4.3. The Floer complexes. The objects of the category Lagvc(VF, {7j}) are described by Lemma we now 
determine its morphisms by studying the intersections between the closed loops Lj C So- This simply involves 
looking carefully at Figures El and in order to determine, among the intersections between 6i and 6j, which 
ones lift to intersections between Li and Lj . 

Lemma 4.3. The direct sum CF*{Li, Lj) is a free module of total rank 3(a + b + c) over the coefficient 

ring, generated by the following intersection points: 

e CF*{L„ L,+a) iO<i<b + c), e CF*{L„ L,+b+c) (0 < i < a), 

y,eCF*{L„L,+b) {0<i<a + c), y, e CF* {L„ L,+a+c) {0<i<b), 

z,eCF*{L„L,+c) iO< t<a + b), z, € CF* {L„ L,+a+b) (0 < z < c). 

Moreover, the Floer differential is trivial, i.e. mi — 0. 

To determine CF*{Li, Lj) for given 0<i<j<a + b + c, one must look for intersection points between 
the projected arcs Si and Sj. The arcs Si and Sj intersect only if j — i < b + c or j — i > a; in all other cases, 
Si nSj = ^ and hence CF*{Li, Lj) — 0. More precisely. Si Sj contains one point ii j — i < b + c, and one point 
if j ^ * > a; if both conditions hold simultaneously, then \Si nSj \ ~ 2 (see Lemma lOl and Figure^J. Moreover, 
if equality holds {j — i = b + corj — i = a), then the corresponding intersection occurs at an end point of Si and 
Sj, i.e. a branch point of tTx- In this case, the intersection of Si and Sj always lifts to a transverse intersection 
of Li and Lj , at the corresponding critical point of ttx ; this accounts for the generators Xi and Xi mentioned in 
the statement of Lemma [4.31 

When j — i<b + coTj — i>a, we need to consider the structure of the branched covering in order to 
determine whether intersections between Si and Sj lift to intersections between Li and Lj . Call pi the branch 
point of TTj; with argument arga; = — 27r ^^-^^^ — tt ^'^^^ , which is an end point of Si, and define similarly pj. 
When j — i < b + c, consider the corresponding intersection point g G SiHSj, and use the arcs joining pj to q in 
Sj and q to pi in Si to define an arc 77 C C* joining pj to pi, with a rotation angle of 2t: ^^^.^^^ around the origin. 
It follows from Lcmma im fcf. also FigureEJ that, over a neighborhood of 77, we can consistently label the sheets 
of the covering tt^ by elements of Z/(6 + c), in such a way that the monodromies around the branch points pi 
and Pj are transpositions of the form (fc^, ki + b) and {kj, kj + b), with ki — kj ~ j — i. Hence, near the point q, 
the vanishing cycle Li lies in the two sheets of labelled ki and ki + b, and similarly for Lj ; the intersections 
of Li with Lj above q correspond to the elements of {fc^, fc^ + 6} n {kj, kj + b}. Since < ki — kj — j — i < b + c, 
this intersection is empty unless ki = kj +6mod& + c, i.e. j — i = b, which corresponds to the generator yi of the 
Floer complex, or kj = ki + bmodb + c, i.e. j ^ i = c, which corresponds to the generator z^. When j — i > a, 
one proceeds similarly, introducing an arc in C* joining pj to pi through the relevant intersection point q' of Si 
with Sj, with a rotation angle of 2Tr( ^^^^ — 1) around the origin. The sheets of tt^ containing Li and Lj above 
the intersection point q' are now labelled k^ ,kl + b and k'j , kj + b, with fc^ and k'j two constants in ^/{b + c) such 
that k'i — k'j — j~i — (a + b + c) — j — i — a mod b + c. Therefore, the two cases where Li and Lj intersect above 
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g' are when i + j = a + b, which corresponds to the generator of the Floer complex, and when i + j = a + c, 
which corresponds to y^. 

At this point it is worth observing that, for generic values of (a, 6, c), each Floer complex CF* {Li, Lj) has 
total rank at most one, so that the Floer differential is necessarily zero. However, for specific values of (a, 6, c) 
we may have numerical coincidences leading to more than one intersection between two vanishing cycles; the 
most striking example is that of the usual projective plane, (a, b, c) = (1, 1, 1), for which \LinLj\ = 3 Vi < j (cf. 
FigureEjl- Nonetheless, even in these cases, the Floer differential vanishes, because Li and Lj always realize the 
minimal geometric intersection number between closed loops in their homotopy classes, as can be checked by 
enumerating the various posible cases. This minimality of intersection implies that So contains no non-constant 
immersed disc with boundary in Li U Lj, and hence that the Floer differential vanishes. 

Another way to prove the vanishing of the Floer differential is to endow Eq and C* with almost-complex 
structures which make the projection tt^, holomorphic, and to observe that the projection to C* of a pseudo- 
holomorphic disc in Sq with boundary in Li U Lj is a pseudo-holomorphic disc in C* with boundary in Si U Sj . If 
|(5j; n(5j | = 1, the maximum principle implies that the projected pseudo-holomorphic disc is a constant map, and 
hence that the disc in Eq is contained in a fiber of n^, which implies that it is also constant. If |(5i n (5j| — 2, one 
reaches the same conclusion by observing the respective positions of the two intersection points in C* (a non- 
constant disc would have to pass through the origin). As before, one concludes that the absence of non-trivial 
pseudo-holomorphic discs makes the Floer differential identically zero, which completes the proof of Lemma IT!^ 

4.4. The product structures. The aim of this section is to prove the following results concerning the category 
Lagvc(W^,{7i}): 

Lemma 4.4. The higher products rrik {k > 3) are all identically zero. 
Lemma 4.5. There exist non-zero constants auv,i such that 

m2{xi,yi+a) = axy,i Zi, rn2{xi, Zi+a) = a^^.i m, 
m2{yi,Zi+b) ^ ayz,iXi, rn2{yi,Xi+b) = Oy^^iZi, 
m2{zi,Xi+c) ^azxAVi, rn2{zi,yi+c) ^ azy,iXi. 
All other compositions (except those involving identity morphisms) vanish. 

These results follow from a careful observation of the boundary structure of a pseudo-holomorphic disc in 
Eo with boundary in IJij. Endow Eo with any almost-complex structure, and let u : — s- Eq be a pseudo- 
holomorphic map from the disc with fc + 1 > 3 marked points on its boundary to Eq, mapping each segment on 
the boundary to an arc in one of the Lagrangian submanifolds Lj . Each "corner" of the image of u corresponds 
to an intersection point between two of the vanishing cycles, and as such it corresponds to a generator of the 
Floer complex. 

In accordance with Lemma [4. 31 we can classify the generators of the Floer complex into three families, those 
of type X (corresponding to generators Xi,Xi), those of type y (generators yi,yi), and those of type z (generators 
Zi,Zi). Moreover, observe that the total intersection of each Li with all other vanishing cycles consists of 6 
points, two of each type: depending on the value of «, Li is either the source of the morphism Xi or the target 
of Xi-b^c^ and it is either the source of Xi or the target of Xi-a\ similarly for types y and z. 

The manner in which these points are arranged along the loop Li can be seen easily by looking at Figure 
Eland recalling the discussion in the previous section. Recall that Li passes through two branch points of ■Kx^ 
which split it into two halves (lifts of bi lying in different sheets of tt^:). One of these branch points corresponds 
to Xi or Xi-h-c, while the other corresponds to Xi or Xi-a- In between them, we have, on one half of Li, one 
intersection of type y (either yi or fji-a-c) and one of type z (either Zi or Zi-c); on the other half of Li, we have 
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Figure 6. The intersections of Li with the other vanishing cycles 

similarly one intersection of type y (either yi or yi-b) and one of type z (either zi or Zi-a-b)- This structure is 
summarized in Figure E] 

An important property is that, for every one of the six portions of Li delimited by these intersection points, 
one of the two immediately adjacent components of So — U (o'^ either side of Li) is unbounded (it is denoted 
by or oo on Figure El depending on whether its image under 'k^ contains the origin or the point at infinity in 
C*). These unbounded components form an alternating pattern around L^, changing side (left or right) every 
time one of the intersection points is crossed. 

On the other hand, the image of the pseudo-holomorphic map u may not intersect any of the unbounded 
components of Sq — IJ Lj , because otherwise the maximum principle would imply that the image of u is 
unbounded. This imposes very strong constraints on the behavior of u along the boundary of the disc. Namely, 
consider two consecutive marked points ( "corners" ) , such that the portion of boundary ( "edge" ) in between 
them is mapped to an arc rj (oriented according to the boundary orientation of the unit disc) contained in 
the vanishing cycle Li. Then, 77 is exactly one of the six portions of Li delimited by its intersections with the 
other vanishing cycles, and its orientation is determined by the requirement that the component of Eq ^ U 
immediately to the left of 77 be bounded (see Figure EJ. Moreover, the local behavior of u at an end point p 
of T] is "convex" , i.e. u locally maps into only one of the four regions delimited locally by the two vanishing 
cycles meeting at p. In other words, the boundary of Im(u) is an oriented piecewise smooth curve 9 c{_)Lj 
which always turns left at every intersection point it encounters. This boundary behavior has several important 
consequences. 

Lemma 4.6. Among three consecutive corners of the image ofu, there is always exactly one of each type x, y, z. 

Proof. Observe that two consecutive corners of the image of u are necessarily of different types (because two 
adjacent intersections of Li with other vanishing cycles are always of different types). Let p,q,r be three 
consecutive corners of the image of u, such that the edge from p to g lies in a vanishing cycle Li and the edge 
from q to r lies in a vanishing cycle Lj . The knowledge of the types of the points p and q completely determines 
them, which in turn determines the type of r. For example, if p is of type y and q is of type z, then on the 
diagram of Figure |B1 the edge joining them is the lowermost portion of Li; in particular the edge from p to 
q is adjacent to an unbounded component of Eg whose image under contains the origin. Considering the 
intersection diagram for Lj (similar to Figure EJ, the point q can be located by comparison with the diagram 
for Li (in our example, q is the point to the upper left of the diagram). Moreover, the direction from which 9 
reaches q can be determined by identifying the unbounded component to which it is adjacent (in our example, 
the component whose image under contains the origin, so 9 reaches q from the innermost side of the diagram); 
since 9 turns left at q, this determines the edge from g to r and hence the type of r (in our example, r is the 
left-most point on the intersection diagram, and hence of type x). It can be checked easily that in all six cases, 
the type of r is different from those of p and q. □ 

Next, recall that by definition the successive edges of the image of u lie inside vanishing cycles Li^ , L,;j , . . . , Li^, 
with io < ii < ■ ■ ■ < ik (see Definition l3.1|l . and observe that following at a corner of u leads from a vanishing 



34 



DENIS AUROUX, LUDMIL KATZARKOV, AND DMITRI ORLOV 



cycle Li to another vanishing cycle Lj, with i < j if and only if the intersection point is Xi, yi or z^, and i > j 
if and only if the intersection point is Xj, yj or Zj (see Figure IB)). Therefore, all corners of u but one correspond 
to generators of the Floer complexes among {x^, y^, z^}, while the last corner (between the edge on Li^, and the 
edge on Li^) correspond to a generator among {xi, yi, Zi}. 

With this observation, Lemma [4 . 41 follows immediately from Lemma [4.61 Indeed, assume that there exists a 
pseudo-holomorphic map u from a disc with k + 1 marked points to Sq, with edges lying in vanishing cycles 
Lig, Li-^, . . . , Li^. {0 < io < ii < ■ ■ ■ < ik < a + b + c) , contributing to the product ruk, for some fc > 3. Among 
the first three corners of u, one is among the generators Xi, one is among the yi, and one is among the Zi. 
Therefore, — iq + a + b + c, which contradicts the inequality «3 < a + b + c. Hence the moduli spaces of 
pseudo-holomorphic curves involved in the definition of ruk are all empty for fc > 3, which implies that nik = 0. 

Lemma l4.5l also follows immediately at this point: in the case of a pseudo-holomorphic map u from a disc with 
3 marked points, the three corners p, q, r are all of different types (by Lemma IT!^ . and the first two corners p, q 
correspond to generators among {xi,yi,Zi} while the last one r corresponds to a generator among {xi,yi, Zi}. 
Therefore, p and q completely determine r, and moreover it is easy to check from the above discussion and 
from Figures 13 and that the image of the pseudo-holomorphic map u is also uniquely determined by the pair 
{p,q). For example. Hp is of type x and q is of type y, then necessarily there exists i < c such that p ~ Xi, 
q = yi+a, and r — Zi] moreover, it is easy to check (see Lemma 14.21 and Figure l^l that the moduli space 
determining the coefficient of Zi in m2(xi,yi+a) consists of a single curve, regular, whose image T^y^i is the 
triangular region of Eg delimited by arcs joining p, q, r in the vanishing cycles Li, Li+a, Li+a+b- Therefore, we 
have m2{xi, yi+a) — oixy.i Zi, where a^y^i — ± exp(— Area(Ta.j^ i)). The situation is the same in all other cases. 

Remark. The a + b + c triangles T^y^i {i < c), Ty^^i (i < a), T^x^i [i < b) are all related to each other via 
the action of the cyclic group Z/(a -f 6 + c). Indeed, the diagonal multiplication by a power of C = exp( ^^^^^ ) 
induces a permutation of the vanishing cycles and of the intersection points, preserving the cyclic ordering of 
the Li and the types of their intersection points, and hence mapping every triangle in Sq with boundary in 
U Li to another such triangle. A similar description holds for the triangles Tyx,i, Tzy^i, Txz,i- 

4.5. Maslov index and grading. The aim of this section is to define a Z-grading on the Floer complexes 
CF*{Li, Lj), and to compute the degree of the various generators. Using the triviality of the canonical bundles 
of So and X, it is easy to prove (by considering the Lefschetz thimbles) that the Maslov class of Li is trivial, 
and hence that it is possible to lift each vanishing cycle to a graded Lagrangian submanifold of Eqi that we 
denote again by Li. This lets us associate a degree to each generator of the Floer complex. 

Lemma 4.7. There exists a natural choice of gradings, for which deg(xi) = deg(t/i) = deg(zi) = 1 and 
deg(xj) = deg(y,) = deg(z,) = 2. 

Assume for simplicity that the symplectic form u) is compatible with the standard complex structure of Eq 
inherited from that of (C*)^, which allows us to define explicitly a holomorphic volume form Vt on Eq (i.e., a 
non- vanishing holomorphic 1-form). Then, given an oriented Lagrangian submanifold L C Eq, the phase of L 
is the function (pL : L ^ M/27rZ whose value at every point is the argument of the (non-zero) complex number 
obtained by evaluating on an oriented volume element in L (in the 1-dimensional case, 4il{x) — SLTgQ{v) 
for V a tangent vector to i at a; defining the orientation of L). The Maslov class is the 1-cocycle representing 
the obstruction to lift to a real-valued function; if it vanishes, then L can be lifted to a graded Lagrangian 
submanifold, i.e. we can choose a real-valued lift of the phase, (p^ : L ^ R. In the 1-dimensional case, the 
relationship between Maslov index and phase is very simple: given a transverse intersection point p between 
two graded Lagrangians L,L' C Eq, the Maslov index of p e CF*{L, L') is equal to the smallest integer greater 
than i((/)i,(p)-0i(p)). 
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Figure 7. The deformed cycles Lj {{a, b, c) — (1, 1, 1)) 

The holomorphic volume form Q on Eq can be defined from the standard holomorphic volume form ilp = 

dloga; A dlogy A dlogz on (C*)"^ by taking residues first along the hypersurface X of equation x°'y''z'^ = 1 and 

then along the level set W = 0. We can characterize ft as follows: 51 is the restriction to So of a 1-form (that 

we denote again by fi) such that fl A dw A d{x°"i/'z'^) — JIq, i.e. (using the fact that x°"i/'z'^ = 1 along X) 

^ , , , , , , a , 6 , c , , dx A dy A dz 
nA(dx + dy + dz) A (- dx + - dy + - dz) = . 

X y z xyz 

(In fact the 1-form 17 determined in this way may differ from the "usual" one by a real positive factor, irrelevant 
for our purposes). At this point it is easy to see why the Maslov class of Li is trivial: indeed, Q, A dw extends 
to a non- vanishing (2,0)-form on X, whose phase over the Lefschetz thimble Di admits a real lift; because W 
maps Di to an embedded arc, the phase of A dw over the boundary of Di and the phase of $1 over Li differ 
by a constant term, so that the latter also admits a real lift. 

At every point of Eq except for the branch points of tTj,, the 1-form Q can be expressed as Qdx, for some 
meromorphic function Q over Sq (with simple poles at the branch points of tTx)- The above equation becomes: 
®(f ~ f ) ~ Jyz' "^tiich determines O. At this point, the most direct method of determination of the phases 
of the vanishing cycles Li at their intersection points (and hence of the corresponding Maslov indices) involves 
computer calculations; however we will attempt to give a sketch of a geometric argument. 

If we restrict ourselves to the domain where x is very small, then we have y ~ ~z, so that O ~ (jq—y^. 
Therefore, argG ~ — argx — avgy in this region of Eq- Hence, the calculations are simplified if we can deform 
the vanishing cycles Li in such a way that the intersection points of a given type (y or z) occur close to the origin 
in C* . Of course this process preserves gradings and Maslov indices only if the intersection pattern between the 
relevant vanishing cycles is not affected by the deformation. We consider a deformation where Li is replaced by 
a loop Li C So, obtained as a double lift of a piecewise smooth arc Si C C* joining two branch points of (a 
deformation of 6i with fixed end points). The arc Sq consists of three line segments, two joining the end points 
p,p € crit(7r2,) to two complex conjugate points q, q very close to the origin, and such that < Reg <JC hnq <^ 1. 
The other arcs 6i are obtained from Sq by the action of Z/(a + & + c) (see Figure [T)). 

Assuming that b < a + c, this deformation can be carried out for intersections of type y without affecting 
the intersection pattern between Li and ii+f, or Li^a+c, and in such a way that the intersection occurs in the 
central portion of Si (see Figured). The same is true for intersections of type z when c < a + b. If we choose 
a > b > c then these two assumptions hold, so we can use this method to determine the degrees of yi, Zi,yi, Zi. 

We start by considering the portion of Lq lying above the central segment in Sq (joining q to q). Recall 
that, for X small, the b + c sheets of the covering tt^ (i.e. the b + c roots of x°-y^{—x — y)'^ = 1) can be 
approximated by the roots of y^^'^ — (— l)^x^°. Hence, the possible values for the argument of y are arg?/ ~ 
— arg X + TT^^ mod . It follows from Lemma im t hat the two sheets of tt^; containing Lq are those where 
argy ~ arg a; -f eTTj^, for e = ±1. Hence, we have arg9 ~ arg a; — ett^^. We choose to orient Lq 

in such a way that its projection goes counterclockwise around the origin in the sheet corresponding to e = 1, 
and clockwise in the sheet corresponding to e = — 1. With this understood, since the projection of oriented 
tangent vector to Lq is positively proportional to ei, we obtain the following formula for the phase of the central 



36 



DENIS AUROUX, LUDMIL KATZARKOV, AND DMITRI ORLOV 



portion of Lq, modulo 2tt: 

(4.4) '^(^«)-^T^-g- + <2-5T 

We choose a lift of Lq (and hence also Lq via the isotopy between them) as a graded Lagrangian by setting the 
(real- valued) phase of Lq to be given by 14. 4|) , choosing the determination of arg x with the smallest absolute 
value; checking that the choices made in the two portions of Lq corresponding to e ±1 are consistent with 
each other is a tedious task, best left to a computer program. 

The phase of Lj — C^^^ ■ Lq is easily deduced from the above calculations for Lq. Indeed, the above formula 
for O implies that the value of arg0 at the point ■ p differs from that at the point p by 47r ■ On the 
other hand, the argument of the x component of the tangent vector to Lj at • p differs from that of the 
tangent vector to Lq at p by — 27r ^^^^^ . Therefore, (|4.4|l implies that 

a ~ b — c f 27rj \ fir n c \ 2-Kj 



(Lj) ^ —r- I arg a: + ) +*^( o 



b + cJ a + b + c 



or equivalently 

a-fe — C /TT TTC \ 2TTj a 

(4.5) 0(i,)~^ argx ■ ^' 



.2 b + cJ {a + b + c){b + c) 

This formula can also be obtained directly by observing that the two sheets of tt^ containing Lj are those where 
argy ~ — 5^ argx — 27rj^ + ett^^, for e = ±1, by Lemmas 14 . 1 1 and 14 . 21 As in the case of Lq, we choose a lift 
of Lj whose (real- valued) phase is given by 14.5|l . using the determination of aigx closest to — 27r— 



j_ 



i+b+c ■ 

We are now in a position to compare the phases of two vanishing cycles at one of their intersection points. 
Consider an intersection point between Li and ii+b, corresponding to the intersection yi between Li and Lj+fc. 
Comparing the values of argy on both vanishing cycles, it is easy to see that the intersection occurs in the e — 1 
part of Li and in the e = —1 part of Li^i,. Therefore, H4.5|) yields that, at the intersection point. 



0(i,+6)-0(i,)--2 77 



TT 



277 b a 27r & 



b + cJ {a + b + c){b + c) a + b + c 

which is between and tt since we have assumed that b < a + c. Therefore, we have degy^ ~ 1. Similarly, the 

intersection between Lj and Lj+c corresponding to Zi occurs in the e = — 1 part of Li and the e — 1 part of 

Li+c, so that (|4.5|l yields 

~ ,/T\ nC'^ TTC \ 27r ca 27rc 

0(i.+.) - cPiU) ^ 2(- - + ^—^—^^ = n 

which is also between and tt since c < a+b. Therefore, deg Zi = I. In the case of fji, things are similar, but with 
one new subtlety: in accordance with the above prescriptions, the determinations of arg a: at the intersection 
point to be used for Li and Li^a+c differ by 27r. Therefore, from H4.5|l we now get (taking e — —1 for Li and 

+ 1 for Li+a+c) 

,,~ , a — b — c /TT TT c \ 2Tr (a + c) a 2Trb 

cp{L,+a+c) - 4>{L.) ^ ^2tt -— + 2 + \ ' =7r+ , 

b + c \2 b + c/ (a + b + c)[b + c) a + b + c 

which is between tt and 2tt; therefore, degyi — 2. Similarly, for Zi one finds that 

,,~ , ^ a — b—c „/7r TTC \ 2tt (a + b) a 2tt c 

ck{L^+a+b) - cb{L,) ~ -2tt —— 2 - - -— + \ ' = tt + , 

b + c \2 b + c/ (a + b + c){o + c) a + b + c 

which is also between tt and 2tt, so that degz^ = 2. 

Finally, the degrees of Xi and Xi can be deduced from those of the intersections of types y and z by considering 

e.g. the triangles T^y^i, which gives that degXi +degyi+a = degZi, and hence dega;^ = 1, and Tyz^i, which gives 

that deg j/i -I- degZj+b = degXi, and hence degXi = 2. This completes the proof of Lemma ETI 
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4.6. The exterior algebra structure. The aim of this section is to determine the coefficients appearing in 
Lemma 14.51 by studying the orientations of the moduU spaces of pseudo-holomorphic curves and the symplectic 
areas of their images {T^y^i, . . . ). 

Lemma 4.8. // the symplectic form lu is anti- invariant under complex conjugation and invariant under the 
action of Z/(a + b + c), then there exists a constant a G C* such that axy,i — ctyzj — ctzx,i = ct and ayx,i = 
Oizy,i = oixz,i = -Oi for all i. Therefore, ■m2{xi,yi+a) = -m2{yi,Xi+b), "^2(^/^,Zi+h) = -m2{z„y,+c), and 

m2[z.„X.,+c) = -m2{Xi,Zi+a)- 

The coefficients Oixy,i, ■ ■ ■ are determined up to sign by the symplectic areas of the triangular regions T^y^i, . . . 
inside So- To simplify notations, define 

{Txy,^ iiO<i<C, ^Txz,^ iiQ<t<b, 

TzxA^c if c<i <h + c, and T/ = < Tyxs~b if 6 < i < 6 + c, 

Tyz,i~b-c if 6 + c<i<a + 6 + c, \^Tzy,i-b-c ifb + c<i<a + b + c, 

so that Ti and T/ are the two triangles having either Xi or Xi^b^c as one of their vertices. We similarly define 
and to be the coefficients associated to Ti and T- in the formula giving TO2, namely = ± exp(— Area(ri)) 
and a'i — zk exp(— Area(T!/)). Then, as observed at the end of ij4.4l the invariance properties of uj imply that the 
a + b + c triangles Ti form a single orbit under the action of Z/(a + 6 + c), with C""? • Ti = Ti^q, and similarly 
for the other triangles T/, with ^""^ • T/ = T^^^. Moreover, complex conjugation exchanges these two families of 
triangular regions, by mapping Ti to T^'_|_c_i (see Figure EJ. It follows that all of these triangles have the same 
symplectic area, and therefore that the various constants Ui and a[ are all equal up to sign. 

In order to identify the signs, one needs to orient the relevant moduli spaces of pseudo-holomorphic discs in 
some consistent way, which requires the choice of a spin structure over each Lagrangian Li. As explained at the 
end of H3.ll we need to endow each Li with the spin structure which extends to the corresponding thimble, i.e. 
the non-trivial one. 

We now describe a convenient rule for determining the correct signs in the one-dimensional case, due to Seidel 
We start with the case of trivial spin structures. Then to each intersection point p E LiD Lj [i < j) one 
can associate an orientation line Op. This orientation line is canonically trivial when degp is even, whereas in 
the odd degree case, a choice of trivialization of Op is equivalent to a choice of orientation of the line TpLj. If 
one considers a pseudo-holomorphic map u : —^ Sq contributing to m^, whose image is a polygonal region 
with fc -|- 1 vertices po, . . . ,pk, then the corresponding sign factor is actually an element of the tensor product 
A — Op„ (8) • • • (8) Opfc . We can define a preferred trivialization of A by choosing, at each vertex of odd degree, the 
orientation of the vanishing cycle which agrees with the positive orientation on the boundary of the image of u. 
The sign factor associated to u is then equal to with respect to this trivialization of A (or —1 with respect to 
the other trivialization). In the presence of non-trivial spin structures, this rule needs to be modified as follows: 
fix a marked point on each Li carrying a non-trivial spin structure (distinct from its intersection points with 
the other vanishing cycles); then the sign associated to u is affected by a factor of —1 for each marked point 
that the boundary of u passes through ■ 

It is worth mentioning that, while it is clear from the above construction that the individual sign factors 
fail to be canonical and depend on some choices, the various possibilities yield equivalent categories, since the 
coefficients of Floer homology and Floer products simply differ by the conjugation action of some diagonal 
matrix with ±1 coefficients. 

In our case, we choose trivializations of the orientation lines as follows: for every intersection point p G LiHLj 
of degree 1 (i.e., one of Xi,yi,Zi), we orient TpLj consistently with the boundary orientation of the single 
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triangular region among Tq, . . . , Ta+b+c-i having p among its vertices. If we consider trivial spin structures, 
then with this convention the sign factor associated to each triangle Ti is by definition equal to +1. In the 
case of Tj', at each of the two vertices of degree 1 the chosen trivialization of TpLj disagrees with the boundary 
orientation of the triangular region, so that for trivial spin structures we get a sign factor of (—1)^ = +1 again. 
Since we need to consider non-trivial spin structures, we must introduce a marked point on each Lf, for example, 
we choose this marked point in the portion of Li that corresponds to the top-most edge on Figure El With this 
choice, the boundary of each passes through exactly one marked point (between the vertex of type z and 
that of type y), while the boundary of Ti does not meet any marked point. Therefore, with these conventions, 
the sign factors are +1 for all Ti and —1 for all T!/; this completes the proof of Lemma [4.81 

4.7. Non-exact symplectic forms and non-commutative deformations. The purpose of this section is to 
describe the effect on the category of Lagrangian vanishing cycles of W of relaxing the assumptions made above 
on the symplectic form, losing in particular its exactness. In order to make the vanishing cycle construction 
well-defined, we will keep assuming that lu induces a complete Kahler metric on X and that the gradient of 
W with respect to this metric is bounded from below outside of a compact set. For example, choosing a 3 x 3 
positive definite Hermitian matrix (oy), we can endow X with the symplectic form 



Observe that H2{X, Z) ~ Z is generated by the torus T — {{x,y, z) E X, |x| = |j/| = |z| = l} (for simplicity we 
assume gcd{a, b,c) — 1). An easy calculation shows that 



Many other choices of symplectic form are equally acceptable, and it is important to mention that the most 
sensible course of action in presence of a non-explicit symplectic form is to search for a topological interpretation 
of the category of Lagrangian vanishing cycles, involving only topological quantities such as the cohomology 
class of LU. 

In comparison to the restrictive situation considered above, the vanishing cycles Lj remain in the same smooth 
isotopy classes, because one can continuously deform from one symplectic structure to the other. Hence, the 
vanishing cycles are smoothly isotopic to the loops L'^ C So introduced in tl4.2l but not necessarily Hamiltonian 
isotopic to them. Nonetheless, because the ends of the non-compact Riemann surface Eg all have infinite 
volume, we can easily deform L'^ into loops Lj C Sq that are Hamiltonian isotopic to the vanishing cycles, 
without modifying the pattern of the intersections between them. More precisely, recall from M.2l that each L'j 
is the double lift via tt^: : Sq — s- C* of an arc joining two branch points of tt^- Then, by "pulling" a suitable 
portion of one of the two lifts towards an end of Eq (either towards infinity or towards zero in the a;-axis 
projection), we can make L'^ sweep through an arbitrarily large amount of symplectic area to obtain the desired 
Lj, without affecting the intersection points with the other vanishing cycles. 

Since the vanishing cycles are Hamiltonian isotopic to the loops L", we may use L" instead of the actual 
vanishing cycles in order to determine the category D(Lagvc(M^)). Hence, the symplectic deformation does 
not affect in any way the generators of the Floer complexes and the types of pseudo-holomorphic maps to 
be considered. The only significant change has to do with the coefficients assigned to the various pseudo- 
holomorphic discs appearing in the definition of m2, as the symplectic areas of the various triangular regions 
Ti and T- (i — 0,...,a + b + c— 1) inside Eg may now take more or less arbitrary values instead of all being 
equal to each other. Because the description of uj and of the vanishing cycles is not explicit, it is hopeless (and 
useless) to calculate the individual coefficients ai and a-. However, we can state the following result: 




3 



(4.6) 



[uj] ■ [T] = Air^i (a (023 - 032) + b (031 - 013) + c (012 - 021)). 
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Lemma 4.9. Lemmas \4- ^4-^^ remain valid in the more general case of an arbitrary symplectic form inducing 
a complete Kdhler metric on X for which |VVF| is bounded from below at infinity. Moreover, the structure 
constants for the composition m2 are related by the identity 

The assumption of completeness of the induced Kahler metric can be dropped if we have some other way 
of ensuring that the vanishing cycles are well-defined and that the deformation from L'^ to can be carried 
out without introducing new intersection points. In fact, the invariance of Floer homology under Hamiltonian 
isotopies essentially implies that the introduction of new intersection points in the deformation does not have 
any particular impact on the derived category, so the only thing that matters is actually the well-definedness 
of the vanishing cycles. 

Although Lemma 14.91 seems to give only very partial information about the constants and a[, it actually 
completely determines the category _D(Lagvc(W^)). Indeed, simply by rescaling the generators of the Floer 
complexes we can modify the coefficients Ui and a[ almost at will: for example, replacing Xi with \ xi has the 
effect of simultaneously multiplying ai and a[ by A~^; similarly, rescaling the generator yi simultaneously affects 
ai-a (or ai+b+c) and Still assuming gcd{a,b,c) = 1, it is not hard to check that the only quantity left 

invariant by all rescalings of the generators is the ratio H "^i / 11 j which is therefore sufficient to characterize 
the derived category. This observation that the symplectic deformations of Z?(Lagvc(VF)) are governed by a 
single parameter is naturally related to the fact that the second Betti number of X is equal to 1. 

Proof of Lemma \4--9[ The key observation to be made here is that the boundary of the 2-chain C = — 
^ T/ C So is exactly dC = — ^Li (for a suitable choice of orientation of the Li). Indeed, looking at FigurelOl 
each of the six portions of Li arises exactly once as an edge of one of the triangular regions, and the boundary 
orientation of the triangular region is the "clockwise" orientation of Li in the case of Tq, . . . , Ta+t+c-i, and the 
"counterclockwise" orientation in the case of Tq, . . . , T^+fj+^-i- Recalling that each vanishing cycle Li bounds 
a Lefschetz thimble Di in X, we can build a 2-cycle C C X by capping C with these a + b + c Lagrangian discs. 
Next, observe that the sign factors arising from the orientations of the moduli spaces remain the same as in 
H4.6I and that J^^ uj — 0, so that 

to = (-1)''+^+= = (-l)''+''+^exp(- / = (-l)'^+''+^exp(-H . [C]). 

Hence, the last step in the proof is to show that [C] and [T] are the same elements of LL-ziXjZ) ~ Z. A 
simple way to achieve this is to compute the intersection pairing of C with the relative cycle R = {{x, y, z) e 
X, x,y, z ^ which intersects T transversely once at the point (1, 1, 1). 

To understand how R intersects C, we compare the values of W over R and over C. By construction, C is the 
union of the 2-chain C C Sqi over which W vanishes identically, and the various Lefschetz thimbles Dj, which 
W maps to straight line segments joining the origin to the critical values . On the other hand, the restriction 
toi?ofM^ = a:-|-y-|-zisa proper function which takes real positive values. With respect to the standard 
complex structure, R is totally real and W is holomorphic, so any critical point of W\ji is also a critical point of 
W, and in particular the minimum of W over i? is a critical value of W . Indeed, a simple computation shows 
that the minimum of W over R is exactly {a + b + c){a°'b^c'^)~^^^'^~^''~^'^'' — Aq, achieved at the critical point po 
of W corresponding to the critical value Xq. 

It follows that the only point where C and R intersect is pq. Moreover, by considering the local model near 
Po, it is easy to check that this intersection is transverse, since the Hessian of W at po restricts to the tangent 
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space Tpi^Do as a negative definite real quadratic form, and to Tp^R as a positive definite real quadratic form. 
Therefore the intersection number between C and R is equal to 1 (for a suitable choice of orientation that we 
will not discuss here) , and it follows that [C] = [T] in H2 (X, Z) . □ 

4.8. B-fields and complexified deformations. So far we have identified a real one-parameter family of 
deformations of the category of Lagrangian vanishing cycles of W. To extend this to a complex family of 
deformations, we need to introduce a non-trivial B-field, i.e. a closed 2-form B e K). The presence of a 

B-field affects Fukaya categories by modifying the nature of the objects to be considered: namely, one should 
consider pairs consisting of a Lagrangian submanifold and a vector bundle over it equipped with a projectively 
flat (rather than flat) connection with curvature equal to —iB 18) Id (depending on conventions, a factor of 27r 
is sometimes added). 

In our case, we are considering Lagrangian vanishing cycles Lj ~ arising as boundaries of the Lefschetz 
thimbles Dj. Since dimij = 1, over Lj every bundle is trivial and every connection is flat; moreover, we can 
safely restrict ourselves to the case of line bundles. However, the presence of the B-fleld results in a nontrivial 
holonomy. By Stokes' theorem, if a U(l)-connection Wj = d + iaj is the restriction to Lj of a U(l)-connection 
with curvature —iB over Dj, then the holonomy of Vj around Lj is given by hol\/^{Lj) = exp(J^ iaj) — 
exp(/p idaj) = exp(— i B). Since this property characterizes the connection Vj uniquely up to gauge, we 
can drop the line bundle and the connection from the notation when considering the objects {Lj, Ej j) of 

Lagvc(W^,{7j})- 

However, we do need to take the holonomy of Vj into account when computing the twisted Floer 
differential and compositions m^, since the weight attributed to a given pseudo-holomorphic disc u : 
[D'^^dD'^) (So, U Lj) is modified by a factor corresponding to the holonomy along its boundary, and becomes 
±hol(M(9D^)) exp(i u*{B + ioj))- More precisely, for each intersection point p ^ LiO Lj we need to fix an 
isomorphism between the fibers {Ei)\p and {Ej)]^^] then it becomes possible to define the holonomy along the 
closed loop u{dD^) using the parallel transport induced by Vj from one "corner" of u to the next one, and the 
chosen isomorphism at each corner. 

In this context, we now have the following result characterizing Z?(Lagvc(VF)): 

Lemma 4.10. Lemmas \4-3\^^~'\ remain valid for an arbitrary symplectic form inducing a complete Kdhler 
metric on X for which \\IW\ is bounded from below at infinity, and an arbitrary B-field. Moreover, the structure 
constants for the composition m2 are related by the identity 

^^=a^ - n«^y,» nQy^,» X\azx.,i _ g^nfirB + iuA ■ \TW 

ntr^-^a^ " n%.. n«... n«... " ^ ^ -pw^^+h w 

Proof. We again consider the 2-chain C = ^Ti — ^L'i ^ , with boundary dC = — ^Lj, and the 2-cycle 
C d X obtained by capping C with the Lagrangian discs Dj . We now have: 



ria, _ (-1)"+''+^ nexp(z/j,^S + zu;) _ (_i)a+b+c 



■ exp(j / B + iuj) 
Jc 



ria^ nholv,(ij) nexp(i/j,,B + ic^) nexp(/^^ -^S) jc 

-(-l)°+''+=exp(i[B + ic^]-[C]). 

This completes the proof since [C] = \T]. □ 

It is interesting to observe that this statement reinterpretes the quantity 11 / 11 '^i purely topological 
terms, thus avoiding the pitfall of having to compute the individual coefficients attached to the various pseudo- 
holomorphic discs in So- This outcome is rather unsurprising since, whereas the individual coefficients Ui and a[ 
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are heavily dependent on a number of arbitrary choices, the underlying derived category of Lagrangian vanishing 
cycles is expected to depend only on the meaningful parameters - in our case, the cohomology class [B + iuj\. 

We would like to suggest that this feature reflects a general principle. Namely, the various structure co- 
efficients of the Floer differentials and products involved in the definition of the category Lagvc(W) depend 
on many choices and have no precise meaning in general. However, different sets of values of the structure 
coefficients may become equivalent after a suitable rescaling of the generators of the Floer complexes or other 
similarly benign operations. Hence, we can reduce to a much smaller set of parameters (certain combinations 
of the individual Floer coefficients) that actually govern the structure of the category. Then, we expect the 
following statement to hold in much greater generality than the examples studied here: 

Property 4.11. The structure of the derived category of Lagrangian vanishing cycles is governed by deformation 
parameters which are all of the form exp(i[_B + iuj] ■ [Cj]) for suitable 2-cycles Cj C X . 

This is of course ultimately related to the fact that Floer homology and Floer products can be defined over 
Novikov rings, counting pseudo-holomorphic discs with coefficients that reflect relative homology classes rather 
than actual symplectic areas; the version with complex coefficients that we used here is then recovered from the 
version with Novikov ring coefficients by evaluation at the point [B + iuj] . 

5. HiRZEBRUCH SURFACES 

We now consider the case of Hirzebruch surfaces F„, for which the mirror Landau- Ginzburg model consists 
oi X — (C*)^ equipped with a superpotential of the form 

W = x + y+- + — 
X x^y 

for some non-zero constants a, b. For simplicity we will only consider the case of an exact symplectic form. 
Since different values of the constants a, 5 lead to mutually isotopic exact symplectic Lefschetz fibrations, the 
actual choices do not matter (we can e.g. assume a = 6 = 1 or any other convenient choice). 

5.f . The case of Fq and Fi. The first two Hirzebruch surfaces Fq = CP^ x CP^ and Fi (i.e., CP^ blown up 
at one point) need to be considered separately. 

Proposition 5.1. When n — Q, there exists a system of arcs {7;} such that Lagvc(W^, {7i}) equivalent to 
the full subcategory 0/ D^(coh(Fo)) whose objects are O, O{l,0), 0(0, f), 0(1,1). Therefore, D(Lagvc(W^)) ^ 
D''(coh(Fo)). 

Proof. The four critical values ofW^ = x + y + - -\- - are ±2a^/^ ± 2b^/^. Up to an exact deformation 
which does not affect the category of Lagrangian vanishing cycles, we can choose a > b > 0, and assume 
the symplectic form to be anti-invariant under reflection about the imaginary axis {x,y) i— > {~x,—y). We 
choose So — W^^{0) as our reference fiber, and join it to the singular fibers by considering arcs 7^ that pass 
below the real axis in C, so that the clockwise ordering of the critical values agrees with their natural ordering 
-2ai/2 - < -2ai/^ + Ib^l'^ < ^a^l"^ - 2b^l'^ < la^l"^ + 2b^l'^. The projection tt^, to the x variable realizes 

So as a double cover of C* branched at four points, and the vanishing cycles Li can be represented as double 
lifts of the arcs 5^ C C* shown in Figure |H1 

It follows that Hom(ii,L2) — 0, while ^Aovci(LQ,L\), Hom(L2,L3), Hom(Lo5-^2), and Hom(Li,_L3) are two- 
dimensional; label the corresponding intersection points Lq n Li — {s,t}, L2 H L3 = {s',t'}, Lq n L2 = {u,v}, 
Li n is — {u',v'}. Finally, Hoir^Lq, L3) has rank 4. By considering the triangular regions delimited by the 
vanishing cycles in So, and using the symmetry of the configuration with respect to {x,y) {—x, —y), we can 
easily show that 7712(5, u') ~ 7712(5', u), m2(t,u') = m2(t',u), 7712(5, w') = 7712(5',!;), and m2{t,v') = m2{t',v); 
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Figure 8. The vanishing cycles for Fg 

these four elements of Hom(Lo, L3) are proportional to the generators. All other products vanish (m^ = for 
fc ^ 2). Finally, gradings can be chosen so that all morphisms have degree (the verification is left to the 
reader). 

Therefore, the category Lagvc(W, {7^}) is indeed equivalent to the full subcategory of D''(coh(Fo)) whose 
objects are O, 0(1, 0), 0(0, 1), 0(1, 1), as can be seen by thinking of (s, t) and (u, v) as homogeneous coordinates 
on the two factors of Fq = CP^ x CP^ . Since these four line bundles form a full strong exceptional collection 
generating D''(coh(Fo)), the result follows. □ 

Alternatively, Proposition 15.11 can also be obtained as a direct corollary of a general product formula for 
categories of Lagrangian vanishing cycles of Lefschetz fibrations of the form (Xi x X2, W\ + W-i) ( 6 , cf. also 

Proposition 5.2. When n — 1, there exists a system of arcs {7^} such that Lagvc(W^, {7i}) is equivalent to the 
full subcategory 0/ D''(coh(Fi)) whose objects are O, 7r*(rp2(--l)), 7r*(Op2(l)), Oe (where E is the exceptional 
curve and tt ; Fi ^ CP^ is the blow-up map). Therefore, _D(Lagvc(W^)) — D''(coh(Fi)). 

Proof. We choose a = b = \, and equip X with a symplectic form that is anti- invariant under complex conju- 
gation. Let (Ai)o<i<3 be the four critical values oiW ^ x + y + ^ + ordered clockwise around the origin so 
that Im(Ao) > 0, Ai G K+, Im(A2) < 0, and A3 e M_. We choose Eq = W~^{Q) as reference fiber, and choose 
the arcs 7^ joining to A^ to be straight lines. The projection tt^, to the x variable realizes Sq as a double cover 
of C* branched at four points, and the vanishing cycles Li can be represented as double lifts of the arcs 5i C C* 
shown in Figure El 




Figure 9. The vanishing cycles for Fi 

The corresponding category of vanishing cycles can then be studied explicitly. In fact, much of the work 
has already been carried out in 21 since the situation for Lq,Li,L2 is rigorously identical (including grading 
and orientation issues) to that previously considered for the three vanishing cycles of the Lefschetz fibration 
mirror to CP^. While the choice of grading used in f^l yields morphisms in degrees 1 and 2, a different choice 
of gradings (shifting Li by 1 and L2 by 2) ensures that all morphisms between Lo,Li,L2 have degree 0. This 
readily implies that a category equivalent to the derived category of CF^ can be realized inside D(La,gvc{W)) 
as a full subcategory, with the exceptional collection Lq,Li,L2 corresponding to the exceptional collection 
O, Tp2(— 1), 0(1) dual to the standard one. (This claim can of course also be verified "by hand" following the 
same outline of argument as in 
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From Figure |51 it is clear that Honi(Loj-^3) and llom{L2, L3) are one-dimensional, (call their generators 
Po and P2), while Hom(ii,L3) has rank 2 (call its generators q and q'). To be consistent with the notation 
of 21 call XQ,yo,ZQ (resp. xi,yi,Zi; resp. x,y,z) the generators of Hom(Lo,ii) (resp. Hom(_Li,L2); resp. 
Hom(io; -^2))- Then, looking at the various pseudo-holomorphic discs in Sq (including a constant one at 
the triple intersection of Lq, L2, we have: 'm2{xo,q) — m2{xQ,q') ~ 0, m2{yo,q) = ctpo, 'rn2{yo,q') ~ 0, 
TO2(-Zo,g) = 0, m2{zQ,q') = a' po, m2{xi,p2) = 0, 7712(1/1,^2) = 7*7,2(2:1, P2) = a' q, m2{x,p2) = Po, 

7T72(y,P2) = 7772(z,p2) = (for some non-zero constants a, a'). Moreover, for a suitable choice of grading of L3 
it can be checked that all morphisms have degree 0. 

It is then easy to check that these formulas correspond exactly to the composition formulas in the full 
subcategory of D''(coh(Fi)) whose objects are the pull-backs O, 7r*(rp2(— 1)), 7r*(C'p2(l)), and the structure 
sheaf Ob of the exceptional curve (If one follows the analogy suggested by the notation between the morphisms 
from Lq to L2 and the homogeneous coordinates on CP^, then the blow-up point is located at (1 : : 0)). The 
result follows. □ 



5.2. Other Hirzebruch surfaces. For larger values of 77, the situation becomes different: 

Lemma 5.3. If n > 2, then the Lefschetz fihrations over (C*)^ defined byW — x + y+ ^ + — ^-^ and W = 
x + y+^ are isotopic. Therefore, i:»(Lagvc(W^)) ^ i:'(Lagvc(W^)) ^ D''(coh(CP^(n, 1, 1))). 

Proof. Consider the maps Wa — x + y + ^ + -J^j for a G [0, 1]. The key observation is that the 77 + 2 critical 
points of Wa remain distinct and stay in a compact subset of (C*)^. Indeed, the critical points of Wa are the 
solutions of 

= 




I.e. 

„l-n/,„2 „\-l „„ 1 n-2/ 



nx'-'^x-" - a)-', and x^'-'ix^ - aY - 71^ = 0. 



It is easy to check that for \a\ < 1 the roots of this equation satisfy 1 < |a;| < \/n + 1 . It follows that 
— a| = 77|a::|^^t is bounded between two positive constants, and hence that y — 77x^~"(x^ — a)^^ = {x^ — a)/nx 
is also bounded between two positive constants independently of a. Hence the critical points of Wa remain inside 
a compact subset of (C*)^. Moreover, the polynomial P{x) ~ a;"^^(a;^ — a)^ — always has simple roots when 
\a\ < 1, since the roots of P'{x) = x"-~^{x'^ - a){{n + 2)x^ - [n ~ 2)a) are 0, ±^/a, and ±^j^a, where P 
never vanishes. In fact, even though this is not necessary for the argument, the critical values of Wa also remain 
distinct throughout the deformation, since at a critical point we have Wa — ^^^2; -t- ^^^f , which as a function 
of X is injective over > 1}. 

Therefore, Wa defines an exact symplectic Lefschetz fibration on (C*)^ for all a € [0, 1], which allows us to 
match the vanishing cycles of Wi = W with those of W[) = W . The resulting categories of vanishing cycles 
differ at most by a deformation of the structure coefficients of the compositions 7712, but since the isotopy is 
through exact Lagrangian vanishing cycles, we need not worry about those (see also the argument for Lemma 
Oil . 

We can therefore conclude that £)(Lagvc(W^)) — £'(Lagvc(W^))- Since {{<C*Y ,W) is exactly the mirror to 
CP^(77, 1, 1) studied at length in 21 our result for weighted projective planes implies that this category is also 
equivalent to D''(coh(CP^(77, 1, 1))). □ 

For 77 = 2, it is well-known that D''(coh(F2)) ~ D''(coh(CP^(2, 1, 1))), so we get the expected result. However, 
for 71 > 3 this is no longer true. Namely, the fully faithful functor MKn constructed in ij2.7l allows us to view 
the category D''(coh(F„)) as a full subcategory of D''(coh(CP^(77, 1, 1))), generated by the exceptional collection 
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Figure 10. The deformation 6 ^ for n = 3 

(0,0(1), 0(n), 0(n + 1)). It is therefore a natural question to ask whether this subcategory can be singled out 
on the mirror side, by selecting 4 of the n + 2 critical points of W. It turns out that this is indeed the case. 
Our first result in this direction is the following: 

Lemma 5.4. Forn > 3, in the limit 6 — > 0, n—2 of the critical values of the superpotentials Wb — 2^+?/+ j + 
go to infinity, while the remaining four critical points stay in a bounded region. 

Proof. The x coordinates of the critical points of Wb are the solutions of 

As 5 — > 0, four roots of this equation converge to ±1, while the remaining n—2 converge to 0. Since at a 
critical point we also have y = n&x^^"(a;^ — 1)^^ — -^{x — i) and Wb = ^^^x + -^^^ j, we conclude that four 
critical points of Wb converge to (±1,0), with the corresponding critical values converging to ±2, while the 
others escape to infinity. □ 

This suggests that the deformation 6 — > singles out a subcategory of _D(Lagvc(W4)), obtained by restricting 
oneself to the preimage of a disc containing only four critical values of Wb. We start by describing the case 
n = 3. 

For n = 3, we can study explicitly the deformation process as b changes from 1 to a value close to 0. For 
6=1 the five critical values of Wb form a pentagon roughly centered at the origin (and can for all practical 
purposes be identified with the critical values of the superpotential mirror to CP^(3, 1, 1)). As b decreases along 
the real axis, two things happen: first, the two complex conjugate critical points with Re(Wfc) > merge and 
turn into two real critical points; then, one of these two real critical points escapes to infinity as 6 — > 0. The 
process is easier to visualize if one avoids the two values of b in the interval (0, 1) for which two critical values 
of Wb coincide, by considering e.g. a deformation from 6 = 1 to 6 = where the imaginary part of b is kept 
positive. It is then easy to check that, as 6 — > 0, two critical values converge to 2 and two others converge to 
—2, while the fifth one escapes to infinity in the manner represented on Figure ITUI 

Therefore, if we consider the category of Lagrangian vanishing cycles associated to the system of arcs 70, . . . , 74 
represented on Figure lTUI the deformation 6 — > singles out the full subcategory generated by the four vanishing 
cycles Lq, Li, L3, L4 (where Li is the vanishing cycle associated to 7^). The collection of arcs {7^} looks very 
different from the collection {7^} considered in 21 but they are related to each other by a sequence of elementary 
sliding transformations performed on consecutive arcs (see Figure [TT|l . 




Figure 11. The (left) sliding operation {ji,-fi+i) < — > (i7i+i,7i) 
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It follows immediately from Definition 13.11 that every ordered collection of arcs yields a full exceptional 
collection generating D{Lagvc{W)); it was shown by Seidel that (left or right) sliding operations on collections 
of arcs correspond to (left or right) mutations of the corresponding exceptional collections [SJ. With this is 
mind, and identifying implicitly the critical points of Wi with those of the superpotential mirror to CP^(3, 1, 1), 
it is easy to check that the left dual to the exceptional collection (Lq, . . . ,£4) associated to the arcs {7^} is 
equivalent (up to some shifts) to the exceptional collection associated to the arcs (72,73,74,70,71)- Moreover, 
using Z/5-equivariance for CP^(3, 1,1), there exists an auto-equivalence of D(Lagvc(Wi)) which maps this 
exceptional collection to the one associated to the collection of arcs (70, . . . , 74) considered in 21 

Recall that the two exceptional collections for D^(coh(CP^(3, 1, 1))) presented in f|21are mutually dual (cf. 
Example I2.15() . and that Theorem 13.31 identifies the exceptional collection associated to the arcs (70,..., 74) 
with that given by Corollarv l2.27l Therefore, there is an equivalence of categories which maps the exceptional 
collection (Zq, ■ • ■ , -£4) for D(Lagvc(VFi)) to the exceptional collection (O, . . . , 0(4)) for D^(coh(CP^(3, 1, 1))). 
The full subcategory of D(Lagvc(W^i)) singled out by the deformation & is that generated by the excep- 
tional collection {Lq, Li, L3, L4), which corresponds under the above identification to the full subcategory of 
D''(coh(CP^(3,l,l))) generated by the exceptional collection (O, 0(1), 0(3), 0(4)), which is in turn known to 
be equivalent to the derived category of the Hirzebruch surface F3 (see i j2.7|l . 

A similar analysis of the deformation 6^0 can be carried out for all values of n, and leads to the following 
result: 

Proposition 5.5. Given any n > 3 and i? 3> 2, and assuming that b is sufficiently close to 0, the full subcategory 
of D(La.gvc{Wb)) arising from restriction to the open domain {\Wii\ < R} is equivalent to D''(coh(F„)). 

In order to prove this proposition we need a lemma about mutations in the standard full exceptional collection 
{0,0{l),...,0{n + l)) on the weighted projective plane CP^(n, 1,1). Let us fix a pair (0(fc), 0(fc + 1)) with 
2 < k < n. Denote by the mutation of the object 0{k + 2) to the left through 0{k),0{k + 1), i.e. 

Fk+2 — L^^''0{k + 2). Performing the same mutations on 0{k 4- 3), ... , 0{n + 1) we obtain exceptional objects 
Fi — L'^^^0{i) for k + 2<i<n + l and a new exceptional collection 

(O, . . . , 0{k - 1), Fk+2,..., F,,+,,0{k),0{k + 1)) . 

Denote by Gk,Gk+i the left mutations of 0{k),0{k + 1) respectively through all Fi. We get an exceptional 
collection 

(O, . . . , 0{k — 1), Gk,Gk+i, Fk+2, . . . , Fn+i) . 
Denote by V the triangulated subcategory of the category D^(coh(CP^(ri, 1, 1))) generated by the collection 
{0,0{l),Gk,Gk+i) 

Lemma 5.6. The triangulated subcategory V coincides with the subcategory 

{0,0{l),0{n),0{n + l)). 

Proof. This Lemma is equivalent to the statement that the subcategory (Gfc, Gk+i) coincides with the subcate- 
gory {0{n), 0{n+l)). First, let us show that 0{n) and 0{n+l) belong to (Gfc, Gfc+i). Since Hom(0 (0, C(s)) = 
for I — n,n + 1 and < s < k, we can immediately conclude that 0{n) and 0{n + 1) belong to 
{Gk,Gk+i,Fk+2, . . . , Fn+i). Therefore, it is sufficient to check that 

Rom' {F,,0{n)) = 0, Rom' {F,,0{n + I)) = 

for all fc -f 2 < i < n -I- 1. 
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By definition of Fi there are distinguished triangles 

(5.1) T,^V^(g)0(k + l) — >0{i), 

(5.2) F,-^W^(^ 0{k) — > T„ 

with Vi = Hom(0(A: + l),0{i)) and Wi = Hom(e'(fc), T,). It is clear that V, S^'^'^U, where U is the two 
dimensional vector space i?°(Cp2(n,l,l),C>(l)). Considering the sequence of Horn's from 0(fc) to the triangle 
H5.1(l . it is easy to check that Wi = S^^'^^^U (we use an isomorphism A^C/ = k). 
We have isomorphisms 

■i-fc-i 

llom{V^^O{k + l),0{n+l)) = S'-''-^U*^S'''-''U'^ 5"-»+i+2j[/^ 

j=o 

which implies that 

i-fc-l 

Hom(r„C'(n + l)) = 5«-»+i+2j[/. 

i=i 

On the other hand, there are isomorphisms 

i-k-l 

llom{W^(»0{k),0{n + l))^S'-''-^U*(E)S"-''+^U^ S"-'+^+^'U, 

and, moreover, it can be checked that the natural morphism Hom(Ti, 0{n+l)) llom{Wi^O{k), 0{n+l)) is an 
isomorphism. Hence, Kom' {Fi,0{n+1)) = for all k + 2 <i< n + 1. By the same reasons Hom*(Fi, ©(n)) = 
for all fc + 2 < i < n + 1. Thus the subcategory {0{n),0{n + 1)) is contained in {Gk,Gk+i)- 

Since Hom(Gfc, Gk+i) ^ U ^ Hom(C'(ri), 0{n + 1)), these two categories are both equivalent to the derived 
category of representations of the quiver with two vertices and two arrows • =^ •, and, as consequence, it can 
be easily shown that they are equivalent. □ 

Proof of Provosition 1 5. .51 The argument is similar to the case n = 3: in the initial configuration, for 6 = 1, the 
n + 2 critical values of Wjj approximate a regular polygon, and can essentially be identified with the critical 
values of the superpotential mirror to CP^(n, 1, 1). We label these critical values by integers from to n + 1, 
with corresponding to the positive real critical value, and continuing counterclockwise. As the value of b 
is decreased towards 0, pairs of complex conjugate critical values of Wi, (those labelled k and n + 2 — k, for 
1 < fc < ^), successively converge towards each other. For 2 < k < ^, the corresponding vanishing cycles are 
disjoint, and the two complex conjugate critical values essentially exchange their positions before escaping to 
infinity (with complex arguments close to T^E^ 27r) for 6 — s- 0. On the other hand, for k = 1 the two complex 
conjugate critical points labelled 1 and n+1 merge and turn into two real critical points, one of which escapes 
to infinity as 6 ^ 0; similarly for = ^ if n is even. 

If instead of following the real axis we carry out the deformation 6 — > with Im(fe) small positive, then we 
can avoid all the values of b for which two critical values of Wb coincide, which allows us to keep track of the 
manner in which rt — 2 of the critical values escape to infinity. This is represented on Figure [T^ (left). 

Observe that the vanishing cycles at the critical points corresponding to labels in the range 1 < k < ^ are 
disjoint from those at the critical points with labels in the range ^ + 2 < k < n. Therefore, for the purposes of 
determining the remaining vanishing cycles as 6 — > 0, the family of Lefschetz fibrations Wb is equivalent to one 
where the various critical values escape to infinity in a slightly different manner, with the critical values coming 
from the Im < half-plane staying "to the left" (towards the negative real axis) of those coming from the 
ImT4^ > half-plane, as pictured on Figure IT^ fright^ . 
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Figure 12. The deformation 6 ^ (n = 8) 

Therefore, if we consider the category of Lagrangian vanishing cycles associated to a system of arcs containing 
the four arcs 70, 71, 7', 7" represented on Figure^lright, then the full subcategory singled out by the deformation 
6 is that generated by the four vanishing cycles Lq, Li,L', L" associated to these arcs. A suitable collection 
of arcs can be built by a sequence of sliding operations, starting from a collection {7^, < i < n + 1} where 
7o and 71 are as pictured, and all the 7^ remain outside of the unit disc. Identify implicitly the critical points 
of Wi with those of the superpotential mirror to CP^(n, 1,1), and recall that sliding operations correspond 
to mutations. Then the left dual to the exceptional collection (Lqj ■ • • j -^n+i) associated to the arcs {7^} is 
equivalent (up to some shifts) to the exceptional collection associated to the arcs (72, 73, ■ • ■ , 7n+i, 7o, 7i) (using 
the notation of 2J- Using Z/(ri + 2)-equivariance, the latter is equivalent to the exceptional collection associated 
to the system of arcs (70, ... , 7^+1) considered in ^ 

Recall that the two exceptional collections for D''(coh(CP^(n, 1, 1))) presented in S2|are mutually dual (cf. Ex- 
ample lTT5|) . and that Theorem l3 . 3l identifies the exceptional collection associated to the arcs (70, . . . ,7n+i) with 
that given by Corollarv l2.27l Therefore, there is an equivalence of categories which maps the exceptional collec- 
tion (Zo, • ■ • ,i«+i) for D(Lagvc(W^i)) to the exceptional collection (O, . . .,0{n + l)) for D''(coh(CP^(n, 1, 1))). 

Next, let k = \J^^\ , so that 7' and 7" have the same endpoints as 7fe and jk+i respectively. First slide 
7fe+2, . . . , 7n+i to the left of % and 7^+1 to obtain another system of arcs (70, . . . , %_i,rik+2, • ■ • , 77„+i, 7fe, 7fc+i). 
Then the arcs obtained by shding 7^, and 7^+1 to the left of ?7fe+2, • • ■ , Vn+i are homotopic to 7' and 7". This gives 
us a new system of arcs (70, 71, ... , 7/8-1,7', 7", rjk+2, • ■ • , Vn+i), which determines a full exceptional collection 
{Lo, Li, . . . , Lk-i,L', L", Ak+2, • • • , An+i) in L»(Lagvc(W'i)). 

By construction, the full subcategory {Lq, Li, L' , L") of the category D(Lagvc(W^i)) is equivalent to the 
triangulated subcategory {0,0{l),Gk,Gk+i) of D''(coh(CP^(n, 1, 1))), which by Lemma 15.61 coincides with 
{O, 0(1), 0{n), 0{n + 1)). As seen in t|2.7l this category is equivalent to the derived category of the Hirzebruch 
surface F„, which completes the proof. □ 

It is also possible to prove Proposition 15.51 by a direct calculation involving the monodromy of Wi , instead 
of using Lemma |5. 51 Starting from the description of the vanishing cycles associated to the arcs 7^ in 21 one 
can determine first the vanishing cycles Li associated to ji for all i, and then those associated to 7' and 7". It 
is then possible to check that, although the vanishing cycles associated to 7' and 7" do not quite correspond to 
Ln and Ln+i, after sliding 7' and 7" around each other a certain number of times one obtains two vanishing 
cycles that are Hamiltonian isotopic to L„ and Ln+i- 
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6. Further remarks 

6.1. Higher-dimensional weighted projective spaces. Many of the arguments in extend to higher- 
dimensional weighted projective spaces, working by induction on dimension in a manner similar to the ideas 
in §5 of Indeed, the mirror to the weighted projective space CP"(ao, . . . , a,i) is the afhne hypersurface 
X = {xq° . . . a;°" = 1} C (C*)"+^, equipped with the superpotential W — xo + ■ ■ ■ + Xn and an exact symplectic 
form to that we can choose to be invariant under the diagonal action of Z/(ao + • • • + a„) and anti- invariant 
under complex conjugation for simplicity. It is easy to check that W has ao + • • • + a„ critical points over X, 
all isolated and non-degenerate; the corresponding critical values are the roots Xj of 



As in the two-dimensional case we use Eq = W~^{0) as our reference fiber, and join it to the singular fibers of 
W via straight line segments C C joining the origin to A^. 

In order to understand the vanishing cycles Lj C Sq, we consider as before the projection to one of the 
coordinate axes, for example ttq : (xq, . . . i— s- xq. For generic values of A, the map ttq : Sa ~* C* defines 
an affine Lefschetz fibration on Ea — W~^{X), with oq -I- • • • -I- a„ singular fibers. These singular fibers are the 
preimages of the critical values of ttq over Sa, which are the roots of 

(6.1) cc- (A - .o)-+-+- = 



"i . . . "n 

(compare with (|4.1|l 'l. This equation acquires a double root whenever A is one of the A^; the manner in which 
two of the roots approach each other as one moves from A = to A = Aj along the arc jj defines an arc 
Sj C C*, which is a matching path for the Lefschetz fibration ttq : So — > C*. As in the two-dimensional case, the 
Lagrangian vanishing cycle Lj C Eg is isotopic to a sphere L'^ which lies above the arc Sj] the generic fiber of 
ttqi^/ : L'j — !■ Sj C C* is now a Lagrangian [n — 2)-sphere inside the fiber of ttq. 

Because of the similarity between equations H6.1|l and 1)4. l|l . it is easy to check that Lemma lTl^ extends almost 
verbatim to the higher-dimensional case, substituting oq for a and Oi + ■ ■ • + a„ for b + c. 

In order to determine the Floer complexes CF*{Li,Lj), or equivalently CF*{L[, Lj), we need to understand, 
for each point of 5i n Sj, how L- and L'j intersect each other inside the corresponding fiber of ttq. Because L'^ 
and L'j each arise from matching pairs of vanishing cycles of the Lefschetz fibration ttq, this can be done by 
studying in more detail the topology of the fiber of tto : Eq C* and the manner in which it degenerates as 
one moves from a generic value of xo to one of the critical values. In fact, we can use the same approach to 
study the vanishing cycles of ttq : Eo ^ C* as in the case oi W : X ^ C, namely project the fiber — nQ^{fi) 
to one of the coordinates, e.g. xi. This gives rise to a map tti : — > C*, which is again a Lefschetz fibration 
(whose fibers are now (n — 3)-dimensional), with ai + ■ ■ ■ + a„ singular fibers corresponding to values of xi that 
solve the equation 

,,ao„Ql/ ,, _ „ \a2 + ---+Q„ _ ("2 H |-a„)°^ 



which presents a double root precisely when fi is a. solution of Ht).l|l (for A = 0). The process can go on similarly, 
considering successive restrictions to fibers and coordinate projections until we reach the easily understood case 
of 0-dimensional fibers; once this process is completed, it becomes possible to describe explicitly CF*{L^,L'j) 
in terms of the available combinatorial data. The final result is the following: 

Proposition 6.1. Fori < j, the vanishing cycles L[ and L'j intersect transversely, and 

\L'^ n = #{/ C {0, . . . , n}, ^ ak = J - z}. 

fee/ 



MIRROR SYMMETRY FOR WEIGHTED PROJECTIVE PLANES 



49 




'^i(^2)\X7ri(/3o) =7ri(/33) 




MM 

Figure 13. The case of CP"*: images by ttq of the vanishing cycles L'^ C Sq of (left), and 
images by tti of the vanishing cycles f3j C of ttq (right) 

Hence the Floer complex CF*(L^, Lj) is naturally isomorphic to the degree j — i part of the exterior algebra on 
n + I generators of respective degrees ag, . . . , a„. Moreover, the Floer differential is trivial, i.e. mi = 0. 

Instead of providing a complete proof, we simply illustrate Proposition IB . II bv considering the example of the 
projective space CP^. In that case, Sq is an affine KB surface, and ttq : Sq ~* C* is a fibration by afRne elliptic 
curves, with four singular fibers. The four vanishing cycles L'j C So project to arcs 6j C C* as shown on Figure 
[Ta(left). 

Using the projection tti to the second coordinate, we can view each of the fibers of ttq : S ^ C* as a 
double cover of C* branched in 3 points (Figure right). To describe the monodromy of the elliptic fibration 
TTo, we choose a reference fiber — TTQ^d^o) for some /zq G C* close to on the positive real axis. The 
monodromy of ttq around the origin is the diffeomorphism of obtained by rotating the three branch points 
of TTi counterclockwise by 2tt/3. To describe the four vanishing cycles of ttq, we join the regular value of ttq 
to each of the four critical values by considering arcs which start at /xq , rotate clockwise around the origin from 
arg/i = to arg/i = ~f ^ if (0 < j < 3), and then go radially outwards to the corresponding critical values 
of ttq. The vanishing cycles (3q, . . . , (3^ obtained in this way are isotopic to the double lifts via tti : F^^ — > C* of 
the arcs shown on Figure El (right). 

Now that the monodromy of ttq is well-understood, it is not hard to visualize the Lagrangian spheres L'j C Sq 
lying above the arcs Sj, and in particular their intersections. For example, L'q n L'^ consists of four points, one 
of which is the critical point of ttq with argxp — ^ (lying above the common end point of Sq and <5i), while 
the three others lie in the fiber above the other point p of SqC] 5i (with argxo — a-nd correspond (under 

a suitable parallel transport operation) to the three intersections between /3i and (32 in F^^ . Similarly, L'q D L'2 
consists of 6 points (three above each point of (Jq n ^2), and so on. 

Finally, we observe that there cannot be any contributions to the Floer differential mi , for purely topological 
reasons. Indeed, if we consider any two intersection points p, g G L- n L'^ for some pair (i, j), and any two arcs 
J (1 L[ and 7' C L'^ joining p to q, then 7 and 7' are never homotopic inside Sq, as easily seen by considering 
either 7ro(7) and 710(7') (if '^o{p) 7ro(g)), or 711(7) and 711(7') (if 7ro(p) = T^aiq))- 

The proof of Proposition lG.ll is essentially a careful induction on successive slices and coordinate projections, 
where one manages to understand the structure of the intersections between vanishing cycles by starting with a 
1-dimensional slice of Sq and then adding one extra dimension at a time; the main difficulty resides in setting 
up the induction properly and in choosing manageable notations for the many objects that appear in the proof, 
rather than in the actual calculations which are essentially always the same. 

The next step towards understanding the category of vanishing cycles of the Lefschetz fibration W : X ^ C 
would be to study the moduli spaces of pseudo-holomorphic maps from a disc with three or more marked points 
to So with boundary on [jL'j, something which falls beyond the scope of this paper. Nonetheless, a careful 
observation suggests that the main features observed in the two-dimensional case, namely the vanishing of 
for fc > 3 and the exterior algebra structure underlying m2, should extend to the higher-dimensional case. 
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For example, in the case of CP'', we can study m2 : Hom(LQ, L[) (g) Hom(L'j^, Lj) Hom(LQ, Lj) by looking 
carefully at Figure lTSI Let ao (resp. /3o) be the morphisni from L'q to L'l (resp. from L'l to L'2) which corresponds 
to their intersection at a critical point of ttq, and let ai,a2,a3 (resp. Pi,(32tP3) be the three other morphisms 
between these two vanishing cycles (labelling them in a consistent way with respect to the other coordinate 
projections). Equipping Sq with an almost-complex structure for which the projection ttq is holomorphic, 
pseudo-holomorphic discs project to immersed triangular regions in C* with boundary on SqU 6iU S2', there are 
three such regions (to the upper-left, to the upper-right, and to the bottom of Figure El left). To start with, it 
is immediate from an observation of Figure IT^ that 1712(00, /3o) ~ 0. Next, by deforming the arcs So and 5i to 
make them lie very close to each other near their common end point, we can shrink the upper- left region to a 
very thin triangular sector, in which case exactly one pseudo-holomorphic map contributes to the composition 
of ao with each of /?i,/?2,/33- It is then easy to see that composition with ao induces an isomorphism from 
span(/3i, /?2, /Sa) C llom{L[, L'2) to the subspace of Hom(LQ,L2) spanned by the three intersections for which 
argcco = f- Considering the upper-right triangular region delimited by 60,61,62 on Figure left, we can 
conclude that the same is true for the compositions of ai, 02,03 with /?o, and arguing by symmetry we can 
check that m2(ao, Pi) — ±m2(ai, f3o) for i = 1,2,3 (and, hopefully, a careful study of orientations should allow 
one to conclude that the signs are all negative). 

By a similar argument, we can study m2{ai,(3j) for 1 < i,j < 3 by shrinking the lower triangular region 
of Figure [TSl left to a single point, which allows us to localize all the relevant intersection points and pseudo- 
holomorphic discs into a single fiber of ttq . The intersection pattern inside that fiber of ttq is then described by 
Figure El right, so that things become essentially identical to the discussion carried out in the previous section 
for the Lefschetz fibration mirror to CP^ (observe the similarity between Figures [T51 right and [SI right). Hence, 
the same argument as in the two-dimensional case shows in particular that m2{ai,Pi) ~ for 1 < i < 3 and 
m2{at,Pj) = ±m2{aj,(3i) for 1 < i 7^ j < 3. 

6.2. Non-commutative deformations of CP^. As mentioned in the introduction, in the general case one 
expects the mirror to be obtained by partial (fiberwise) compactification of the Landau- Ginzburg model given by 
the toric mirror ansatz. While not required in the toric Fano case considered here, this fiberwise compactification 
allows for more freedom of deformation, since it enlarges (X, C) ; this sometimes makes it possible to recover 
more general (non-toric) noncommutative deformations of the Fano manifold. We now illustrate this by briefly 
discussing the case of CP^ . We will show the following: 

Proposition 6.2. Non-exact symplectic deformations of the fiberwise compactified Landau- Ginzburg model 
{X, W) correspond to general noncommutative deformations of the projective plane. 

Moreover, we expect that there is a simple relation between the cohomology class of the symplectic form on 
X and the noncommutative deformation parameters for CP^. 

Recall that a general noncommutative projective plane is defined by a graded regular algebra which is 
presented by 3 generators of degree one and 3 quadratic relations. All these noncommutative planes were 
described in the papers a-nd with another point of view in |12| . It was proved in that isomorphism classes 

of regular graded algebras of dimension 3 generated by 3 elements of degree 1 are in bijective correspondence 
with isomorphism classes of regular triples T — {E, a, L), where one of the following holds: 

1) = P2, cr is an automorphism of P^, and L = 0(1); 

2) i? is a divisor of degree 3 in P^, L is the restriction of Op2 (1), and cr is an automorphism of E such that 
{a*L)'^ ^ L(g)a^*L, a*L^L. 
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The triples (and the algebras) of the first type are related to the ordinary commutative in the sense that 
the category qgr of such an algebra is equivalent to the category coh(P^), whereas the triples of the second 
type are related to the nontrivial noncommutative projective planes. For example, the toric noncommutative 
deformations of P^, which were discussed above, correspond to the triples with E isomorphic to a triangle (union 
of three lines) . 

Consider now the noncommutative projective planes which correspond to triples with E isomorphic to a 
smooth elliptic curve. We know that sometimes the categories qgr of two different graded algebras can be 
equivalent. In particular, with this point of view any triple with smooth E is equivalent to a triple with the 
same E and such that cr is a translation by a point of E (see sect. 8 of 12 ). On the other hand, according to 
^(10.14), the equations defining a generic regular graded algebra, which corresponds to a triple {E,a,L) with 
E a smooth elliptic curve and a a translation, can be put into the form 

fi = cx^ + byz + azy — 
/2 = axz + cy^ + bzx — 
/s = bxy + ayx + cz^ = 0. 

This means that the DG category C for these noncommutative projective planes can be described in the 
following way. It has three objects, say /oj^ii^2, and for i < j the spaces of morphisms Hom(^i,^j) are 3- 
dimensional, with all elements of degree (j — i). There are bases xq, yo, zq G Hom(/o, ^i), a^i, J/i, zi £ IIom(Zi, I2), 
x,y,z€ Hom(^o, h) in which the nontrivial compositions are given by the following formulas: 

m2ixo,yi) = az, m2{xo, zi) = by, m2{xo, xi) = cx, 

■m2{yo,zi) ^ ax, m2{yo,xi) = bz, m2(yo,yi) ^ cy, 

m2{zo,xi) ^ ay, TO2(zo, j/i) = 6x, TO2(zo, zi) = cz. 

All other compositions (except those involving identity morphisms) vanish. 

Recall from S^that the mirror of CP^ is an elliptic fibration with three singular fibers. In the afhne setting, 
the generic fibers of 14^ = x -\- y -\- z on X — {xyz — 1} are tori with three punctures, but it is possible 
to compactify X partially into an elliptic fibration W : X ^ <C whose fibers are closed curves; unlike what 
happens in more complicated (non-toric) examples, this does not introduce any extra critical points. 

The generic fiber of W and the three vanishing cycles are as represented on Figure (compare with Figure 
[fright, which represents the images by tTx of the same vanishing cycles; see also Figure 2 of |SS1); the bold dots 
represent the intersections of the fiber with the compactification divisor. 

While it is easy to see that ruk remains trivial for k ^ 2, the compactification modifies the product TO2 in 
the category Lagvc(M^, {7*}) by introducing an infinite number of immersed triangular regions with boundary 
in Lq U Li U L2- This induces a deformation of the product structure, and the uncompactified case considered 
in 21 now arises as a limiting situation in which the areas of the hexagonal regions containing the intersections 
with the compactification divisor tend to infinity. 

For example, the product 'rn2{xi),yi) remains a multiple of z, but the relevant coefficient is now a sum of 
infinitely many contributions, corresponding to immersed triangles in which the edge joining xq to yi is an 
arbitrary immersed arc between these two points inside Li. The convergence of the series ± exp(— area(Ti)) 
follows directly from the fact that the area grows quadratically with the number of times that the x^yi edge 
wraps around Li. Similarly, r7i2(?;oi a^i) is a multiple of z as in the uncompactified case, but with a coefficient 
now given by the sum of an infinite series of contributions; and similarly for 7712(2/07^1) and m2{yi, zq), which 
remain multiples of x, and for 7712(20, xi) and 7772(a;o, zi), which are proportional to y. 



52 



DENIS AUROUX, LUDMIL KATZARKOV, AND DMITRI ORLOV 




Figure 14. The vanishing cycles of the compactified mirror of CP^ 

The important new feature of the compactified Landau- Ginzburg model is that 7712(2:0, x\) is now a multiple 
of X (with a coefficient that may be zero or non-zero depending on the choice of the cohomology class of the 
symplectic form); since there are again infinitely many immersed triangular regions with vertices xq^x\^x (the 
smallest two of which are embedded and easily visible on Figure IT^ . the relevant coefiicient is the sum of an 
infinite series. 

Observe that the two embedded triangles are to be counted with opposite signs (the differences in orienta- 
tions at the two vertices of degree 1 cancel each other, while the non-triviality of the spin structures and the 
complementarity of the sides result in a total of three sign changes, see t|4.6|l : hence, in the "symmetric" case 
where the six triangular regions delimited by U Li U Li have equal areas, these two contributions cancel 
each other. The same is true of the other (immersed) triangles with vertices a;o,xi,x, which arise in similarly 
cancelling pairs. Hence, in the symmetric situation, we end up having niiixQ^xx) = as in 21 however in the 
general case 7712(2:0, can still be a non-zero multiple of x. There are similar statements for m2{yo,yi) and 
7712(2:0, ^i), which are multiples of y and z respectively (and also vanish in the symmetric case). 

6.3. HMS for products. Let Wi : Xi C and W2 : X2 ^ C be two Lefschetz fibrations, with critical points 
respectively pi, 1 < i < r and qj, 1 < j < s, and associated critical values — Wi{pi) and /ij — Wiiqj). Then 
W = W\ + W2 ; Xl X X2 — > C is a Lefschetz fibration with rs critical points {pi,qj), and associated critical 
values W{pi, qj) = Xi + (we will assume that these are pairwise distinct and nonzero). 

For all t G C, the fiber Mt = W~^{t) C Xi x X2 can be viewed as the total space of a fibration ipt '■ Mt C 
given by 4>t{p,q) = Wi{p), with fiber 4>'^^{X) = Wi^{\) x W2^{t — A). The r + s critical values of (j)t are 
Ai, . . . , Ar and t — iii, . . . ,t ^ fig. If t varies along an arc 7 joining to Ai + fij, the critical value t — 11 j of (jft 
converges to the critical value Xi by following the arc 7 — /ij. Hence, the vanishing cycle C Mq associated 
to the arc 7 is a fibered Lagrangian sphere, mapped by (j)o to the arc ^ — ^ ^ fJ-j joining the critical values —fij 
and Xi of 0o- 

More precisely, the fiber of above an interior point of 7 is symplectomorphic to the product Si x S2 of the 
smooth fibers of Wi and W2, and its intersection with the vanishing cycle i-y is a product of two Lagrangian 
spheres S'i x Tj C Si x E2, where Si and Tj correspond to vanishing cycles of Wi and W2 associated to the 
critical values A^ and /ij respectively. Above the end points of 7, the product Si x Tj collapses to either {pi} x Tj 
(above 7(1) — Xi) or Si x {qj} (above 7(0) = — /^j)- Denoting by rii the complex dimension of Xi, a model 
for the topology of the restriction of (j)Q to is given by the map : 5'"^+"^"^ [0, 1] defined over the unit 
sphere in by (xi, . . .,Xm,Xm+i, ■ • . ,a:„i+„J 1-^ 2:1 H 1- x^^. 
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Figure 15. The vanishing cycles of W = Wi + W2 : Xi x X2 ^ C 



Up to a suitable isotopy we can assume that the critical values Ai all have the same imaginary part, and 
< Im(Ai) <C Re(Ai) ^ • • • <C Re(Ar) (so that line segments joining the origin to Ai form an ordered 
collection that can be used to define Lagvc(VFi))- Similarly, assume that fij all have the same real part, and 
< Re(/Xj) <C Im(/is) ^ • • • ^ Im(/ii). Then there is a natural way to choose arcs 7ij, 1 < « < 1 < j < s, 
joining the origin to A^ + fij, with both real and imaginary parts monotonically increasing, in such a way that 
the lexicographic ordering of the labels ij coincides with the clockwise ordering of the arcs "fij around the origin. 
The arcs "fij to which the vanishing cycles Lij C Mq project under are then as shown in Figure [131 

In this situation, we have the following result, which gives supporting evidence for Conjecture II. 31 

Proposition 6.3. The vanishing cycles Lij of W are in one-to-one correspondence with pairs of vanishing 
cycles (Si^Tj) ofWi andW2, and 



Sketch of proof. For i < i' and j < j' , the intersections between Lij and Liiji localize into a single smooth 
fiber of 0O: whose intersection with Lij is Si x Tj while the intersection with Liiji is Sii x Tji (up to isotopy 
in general, but by suitably modifying the fibrations Wi and W2 to make them trivial over large open subsets 
and by choosing the arcs "fij carefully we can make this hold strictly). Therefore, in this case intersections 
points between Lij and Liiji correspond to pairs of intersections between Si and Sii and between Tj and Tji , so 
Hom(iij, Liiji) ~ Hom(S'i, Si^) ® Hom(rj, Tji). After choosing suitable trivializations of the canonical bundles 
(so that the phase of Lij at an intersection point can easily be compared with the sums of the phases of Si and 
Tj), it becomes easy to check that this isomorphism is compatible with gradings. 

When i = i' and j < j' the intersections between Lij and Lij' lie in a singular fiber of (fiQ (of the form 
Wi^{\i) X E2), inside which Lij and Lij> identify with {pi} x Sj and {pi} x Sj' respectively (see Figure [T3|) : 
recalling that Hom(5'i, Si) = C by definition, we obtain the desired formula. Similarly for Lij n Li'j when i < i' 
and j = j' . Finally, the case i = i' and j = j' is trivial. 

In all other cases, there are no morphisms from Lij to Li'ji. Indeed, if either i > i' or i = i' and j > j' 
then {i,j) follows {i',j') in the lexicographic ordering, so there are no morphisms from Lij to Liiji. The only 
remaining case is when i < i' and j > j'; in that case the triviality of IIom(Ly , L^'j') follows from the fact 
Lij n Li'ji = (because the projections "fij and "fi'ji are disjoint). □ 

In order to prove Coniecture ll.3l one needs to achieve a better understanding of pseudo-holomorphic discs in 
Mq with boundary in |J Lij . This is most easily done in the case of low-dimensional examples such as the mirror 
to CP^ X CP^ (already studied in a different manner in H5.1|) . or more generally any situation where the fibers 
are 0-dimensional, because the description then becomes purely combinatorial. Another piece of supporting 
evidence is the following 



Homi 



^Lagvc (IVl + VK2 ) (Lij , Li>j> ) ~ HoniLag^, (VKi ){Si, Si') HomLagvc (IV2 ) {Tj , Tj> ) . 
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Lemma 6.4. When i < i' < i" and j < j' < j" , the composition m2 '■ Hom^Lij, Liij') (g) Hom(Li/j', Li"j'/) — > 
llom{Lij, Li>>jii) is expressed (up to homotopy) in terms of compositions in Lagvc(M^i) and Lagvc(W^2) by the 
formula m2{s ®t,s'® t') = m2{s, s') (g) m2{t, t'). 

Sketch of proof. After deforming the fibratfons Wi and W2 and the arcs jij , "/i'ji , 7^" j" (hence "up to homotopy" 
in the statement), we can assume that ah intersections between L^j, Li'ji and LiUjn occur in a portion of Mq 
where the fibration (/iq is trivial. Choose an almost-complex structure which is locally a product in (j)Q^{U) ~ 
U X Si X E2 C Mq. Then every pseudo-holomorphic disc with boundary in Lij U Liiji U Liiiji, contributing 
to m2 projects under 0o to the same triangular region in U (the unique triangular region with boundary in 
7ij U7i'j' U7i"j" , which we can assume to be arbitrarily small), while the projections to the factors Ei and E2 are 
exactly those pseudo-holomorphic discs which contribute to m2 : Hom(S'i, Si') ® Hom(5i', 5^") Hom(5i, Si") 
and ma : Hom(T, , Tj, ) ® Hom(r,/ , T^,, ) Hom(r, ,Tj„). □ 

Other parts of Conjecture 11.31 are also accessible to similar methods. However, the general situation is 
quite subtle, partly because the definition of higher compositions in a product of two Aoo-categories is more 
complicated than one might think, but also because one has to deal with more complicated moduli spaces of 
pseudo-holomorphic discs. 
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